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Foreword

Math Mammoth Grade 6 comprises a complete math curriculum for the sixth grade mathematics studies. The
curriculum meets and exceeds the Common Core standards.

In sixth grade, we have quite a few topics to study. Some of them, such as fractions and decimals, students are
familiar with, but many others are introduced for the first time (e.g. exponents, ratios, percent, integers).

The main areas of study in Math Mammoth Grade 6 are:

» Anintroduction to several algebraic concepts, such as exponents, expressions, and equations;
» Rational numbers: fractions, decimals, and percents;

* Ratios, rates, and problem solving using bar models;

» Geometry: area, volume, and surface area;

* Integers and graphing;

 Statistics: summarizing distributions using measures of center and variability.

This book, 6-B, covers number theory topics (chapter 6), fractions (chapter 7), integers (chapter 8), geometry
(chapter 9), and statistics (chapter 10). The rest of the topics are covered in the 6-A worktext.

Chapter 6 first reviews prime factorization and then applies those principles to using the greatest common factor
to simplify fractions and the least common multiple to find common denominators. Chapter 7 provides a
thorough review of the fraction operations from fifth grade, and includes ample practice in solving problems
with fractions.

Chapter 8 introduces students to integers. Students plot pointsin al four quadrants of the coordinate plane,
reflect and trandlate simple figures, and learn to add and subtract with negative numbers. (Multiplication and
division of integers will be studied in 7th grade.)

The next chapter, Geometry, focuses on calculating the area of polygons. The final chapter is about statistics.
Beginning with the concept of a statistical distribution, students |earn about measures of center and measures of
variability. They also learn how to make dot plots, histograms, and boxplots, as ways to summarize and analyze
distributions.

I heartily recommend that you read the full user guide in the following pages.

| wish you success in teaching math!

Maria Miller, the author
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User Guide

Note: Y ou can also find the information that follows online, at https://www.mathmammoth.com/userguides .

Basic principlesin using Math Mammoth Complete Curriculum

Math Mammoth is mastery-based, which means it concentrates on afew major topics at atime, in order to study
them in depth. The two books (parts A and B) are like a*“framework”, but you still have alot of liberty in
planning your child's studies. Y ou can even use it in aspiral manner, if you prefer. Simply have your student
study in 2-3 chapters simultaneously. In sixth grade, chapters 1 and 2 should be studied before the other chapters,
but you can be flexible with all the other chapters and schedule them earlier or later.

Math Mammoth is not a scripted curriculum. In other words, it is not spelling out in exact detail what the teacher
isto do or say. Instead, Math Mammoth gives you, the teacher, various tools for teaching:

» Thetwo student worktexts (parts A and B) contain all the lesson material and exercises. They include
the explanations of the concepts (the teaching part) in blue boxes. The worktexts also contain some advice
for the teacher in the “Introduction” of each chapter.

The teacher can read the teaching part of each lesson before the lesson, or read and study it together with
the student in the lesson, or let the student read and study on his own. If you are a classroom teacher, you
can copy the examples from the “blue teaching boxes” to the board and go through them on the board.

* There are hundreds of videos matched to the curriculum available at
https:.//www.mathmammoth.com/videos . Thereisn’t avideo for every lesson, but there are dozens of
videos for each grade level. Y ou can simply have the author teach your child or student!

» Don't automatically assign all the exercises. Use your judgment, trying to assign just enough for your
student’ s needs. Y ou can use the skipped exercises later for review. For most students, | recommend to
start out by assigning about half of the available exercises. Adjust as necessary.

* For each chapter, thereisalink list to various free online games and activities. These games can be used
to supplement the math lessons, for learning math facts, or just for some fun. Each chapter introduction
(in the student worktext) contains alink to the list corresponding to that chapter.

» The student books contain some mixed review lessons, and the curriculum also provides you with
additional cumulative review lessons.

» Thereisachapter test for each chapter of the curriculum, and a comprehensive end-of-year test.

» Theworksheet maker allows you to make additional worksheets for most cal culation-type topics in the
curriculum. Thisisasingle html file. Y ou will need Internet access to be able to useit.

* You can use the free online exercises at https://www.mathmammoth.com/practice/
Thisis an expanding section of the site, so check often to see what new topics we are adding to it!

» Some grade levels have cut-outs to make fraction manipulatives or geometric solids.

» And of course there are answer keysto everything.

How to get started

Have ready the first lesson from the student worktext. Go over the first teaching part (within the blue boxes)
together with your child. Go through afew of the first exercises together, and then assign some problems for
your child to do on their own.

Sample worksheet from
https://www.mathmammoth.com !



Repeat thisif the lesson has other blue teaching boxes. Naturally, you can aso use the videos at
https://www.mathmammoth.com/videos/

Many children can eventually study the lessons completely on their own — the curriculum becomes self-
teaching. However, children definitely vary in how much they need someone to be there to actually teach them.

Pacing the curriculum

The lessonsin Math Mammoth complete curriculum are NOT intended to be done in a single teaching session or
class. Sometimes you might be able to go through awhole lesson in one day, but more often, the lesson itself
might span 3-5 pages and take 2-3 days or classes to complete.

Therefore, it is not possible to say exactly how many pages a student needs to do in one day. Thiswill vary.
However, it is helpful to calculate a general guideline as to how many pages per week you should cover in the
student worktext in order to go through the curriculum in one school year (or whatever span of time you want to
dlot toit).

The table below lists how many pages there are for the student to finish in this particular grade level, and gives
you a guideline for how many pages per day to finish, assuming a 180-day school year.

Example:
Lesson | Number of | Daysfor tests| Daysfor the | Pagesto study | Pagesto study
Gradelevel .
pages | school days| and reviews | student book per day per week
6-A 166 R 10 82 2 10
6-B 157 838 10 78 2 10
Grade6total | 323 180 20 160 2 10

Thetable below isfor you to fill in. First fill in how many days of school you intend to have. Also allow several
daysfor tests and additional review before the test — at least twice the number of chaptersin the curriculum. For
example, if the particular grade has 8 chapters, allow at least 16 days for tests & additional review. Then, to get a
count of “pages/day”, divide the number of pages by the number of available days. Then, multiply this number
by 5 to get the approximate page count to cover in aweek.

Grade level Lesson | Number of | Daysfor tests| Daysfor the | Pagesto study | Pagesto study

pages | school days| and reviews | student book per day per week
6-A 166
6-B 157

Grade6total | 323

Now, let’ s assume you determine that you need to study about 2 pages a day, 10 pages aweek in order to get
through the curriculum. As you study each lesson, keep in mind that sometimes most of the page might be filled
with blue teaching boxes and very few exercises. Y ou might be able to cover 3 pages on such aday. Then some
other day you might only assign one page of word problems. Also, you might be able to go through the pages
guicker in some chapters, for example when studying graphs, because the large pictures fill the page so that one
page does not have many problems.

When you have a page or two filled with lots of similar practice problems (“drill”) or large sets of problems, feel
freeto only assign 1/2 or 2/3 of those problems. If your child getsit with less amount of exercises, then that is
perfect! If not, you can aways assign him/her the rest of the problems some other day. In fact, you could even
use these unassigned problems the next week or next month for some additional review.
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In general, 1st-2nd graders might spend 25-40 minutes aday on math. Third-fourth graders might spend 30-60
minutes aday. Fifth-sixth graders might spend 45-75 minutes aday. If your child finds math enjoyable, he/she
can of course spend more time with it! However, it is not good to drag out the lessons on aregular basis, because
that can then affect the child’ s attitude towards math.

Working space, the usage of additional paper and mental math

The curriculum generally includes working space directly on the page for students to work out the problems.
However, fed free to let your students to use extra paper when necessary. They can useit, not only for the
“long” algorithms (where you line up numbers to add, subtract, multiply, and divide), but also to draw diagrams
and pictures to help organize their thoughts. Some students won't need the additional space (and may resist the
thought of extra paper), while some will benefit from it. Use your discretion.

Some exercises don’t have any working space, but just an empty line for the answer (e.g. 200 + = 1,000).
Typicaly, | have intended that such exercisesto be done using MENTAL MATH.

However, there are some students who struggle with mental math (often this is because of not having studied and
used it in the past). As aways, the teacher has the final say (not me!) as to how to approach the exercises and
how to use the curriculum. We do want to prevent extreme frustration (to the point of tears). The goa is aways
to provide SOME challenge, but not too much, and to let students experience success enough so that they can
continue enjoying learning math.

Students struggling with mental math will probably benefit from studying the basic principles of mental
caculations from the earlier levels of Math Mammoth curriculum. To do so, look for lessons that list mental
math strategies. They are taught in the chapters about addition, subtraction, place value, multiplication, and
divison. My article at https://www.mathmammoth.com/lessons/practical_tips mental_math also gives you a
summary of some of those principles.

Using tests

For each chapter, there is achapter test, which can be administered right after studying the chapter. The tests
are optional. Some families might prefer not to give tests at all. The main reason for the testsis for diagnostic
purposes, and for record keeping. These tests are not aligned or matched to any standards.

In the digital version of the curriculum, the tests are provided both as PDF files and as html files. Normally, you
would use the PDF files. The html files are included so you can edit them (in aword processor such as Word or
LibreOffice), in case you want your student to take the test a second time. Remember to save the edited file
under a different file name, or you will lose the original.

The end-of-year test is best administered as a diagnostic or assessment test, which will tell you how well the
student remembers and has mastered the mathematics content of the entire grade level.

Using cumulative reviews and the wor ksheet maker

The student books contain mixed review lessons which review concepts from earlier chapters. The curriculum
also comes with additional cumulative review lessons, which are just like the mixed review lessonsin the student
books, with amix of problems covering various topics. These are found in their own folder in the digital version,
and in the Tests & Cumulative Reviews book in the print version.

The cumulative reviews are optional; use them as needed. They are named indicating which chapters of the main
curriculum the problems in the review come from. For example, “ Cumulative Review, Chapter 4” includes
problems that cover topics from chapters 1-4.
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Both the mixed and cumulative reviews allow you to spot areas that the student has not grasped well or has
forgotten. When you find such atopic or concept, you have several options:

1. Check if the worksheet maker lets you make worksheets for that topic.

2. Check for any online games and resources in the Introduction part of the particular chapter in which this
topic or concept was taught.

3. If you have the digital version, you could simply reprint the lesson from the student worktext, and have
the student restudy that.

4. Perhaps you only assigned 1/2 or 2/3 of the exercise sets in the student book at first, and can now use the
remaining exercises.

5. Check if our online practice area at https.//www.mathmammoth.com/practice/ has something for that
topic.

6. Khan Academy has free online exercises, articles, and videos for most any math topic imaginable.

Concerning challenging word problems and puzzles
While thisis not absolutely necessary, | heartily recommend supplementing Math Mammoth with challenging
word problems and puzzles. Y ou could do that once a month, for example, or more often if the student enjoysit.

The goal of challenging story problems and puzzlesis to develop the student’slogical and abstract thinking
and mental discipline. | recommend starting these in fourth grade, at the latest. Then, students are able to read
the problems on their own and have developed mathematical knowledge in many different areas. Of course | am
not discouraging students from doing such in earlier grades, either.

Math Mammoth curriculum contains lots of word problems, and they are usually multi-step problems. Several of
the lessons utilize abar model for solving problems. Even so, the problems | have created are usually tied to a
specific concept or concepts. | feel students can benefit from solving problems and puzzles that require them to
think “out of the box” or are just different from the ones | have written.

I recommend you use the free Math Stars problem-solving newsl etters as one of the main resources for puzzles
and challenging problems:

Math Stars Problem Solving Newdletter (grades 1-8)
https://www.homeschoolmath.net/teaching/math-star s.php

| have also compiled alist of other resources for problem solving practice, which you can access at thislink:
https://l. mathmammoth.com/challengingproblems

Another idea: you can find puzzles online by searching for “brain puzzlesfor kids,” “logic puzzles for kids’ or
“brain teasers for kids.”

Frequently asked questions and contacting us

If you have more questions, please first check the FAQ at https://www.mathmammoth.com/fag-lightblue

If the FAQ does not cover your question, you can then contact us using the contact form at the Math
Mammoth.com website.

| wish you success in teaching math!
Maria Miller, the author
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Chapter 6. Prime Factorization, GCF and LCM

| ntr oduction

Thetopics of this chapter belong to a branch of mathematics known as number theory. Number theory has to do
with the study of whole numbers and their special properties. In this chapter, we review prime factorization and
study the greatest common factor (GCF) and the least common multiple (LCM).

The main application of factoring and the greatest common factor in arithmetic isin simplifying fractions, so that
iswhy | have included a lesson on that topic. However, it is not absolutely necessary to use the GCF when
simplifying fractions, and the |esson emphasizes that fact.

The concepts of factoring and the GCF are important to understand because they will be carried over into
algebra, where students will factor polynomials. In this chapter, we lay the groundwork for that by using the
GCF to factor simple sums, such as 27 + 45. For example, asum like 27 + 45 factorsinto 9(3 + 5).

Similarly, the main use for the least common multiple in arithmetic isin finding the smallest common
denominator for adding fractions, and we study that topic in this chapter in connection with the LCM.

Primes are fascinating “ creatures,” and you can let students read more about them by accessing the Internet
resources mentioned below. The really important, but far more advanced, application of prime numbersisin
cryptography. Some students might be interested in reading additional material on that subject—please see the
list for Internet resources.

Keep in mind that the specific lessons in the chapter can take several daysto finish. They are not “daily lessons.”
Instead, use the general guideline that sixth graders should finish about 2 pages daily or 9-10 pages aweek in
order to finish the curriculum in about 40 weeks. Also, | recommend not assigning all the exercises by defaullt,
but that you use your judgment, and strive to vary the number of assigned exercises according to the student’s
needs. Please see the user guide at https://www.mathmammoth.com/user guides/ for more guidance on using
and pacing the curriculum.

Y ou can find some free videos for the topics of this chapter at https.//www.mathmammoth.com/videos/
(choose 6th grade).

The Lessonsin Chapter 6

page Span
The Sieve of Eratosthenes and Prime Factorization ....... 13 4 pages
Using Factoring When Simplifying Fractions................. 17 3 pages
The Greatest Common Factor (GCF) .......ccccceevvvevennenee. 20 3 pages
FaCtoring SUMS ........ccereirine e 23 3 pages
The Least Common Multiple (LCM) ....cccooeivrineninienns 26 4 pages
Chapter 6 Mixed REVIEW ........ccccevvvvevencerie e 30 2 pages
Chapter 6 REVIEW ........coceeiiriiiireeeeese e 32 2 pages
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Helpful Resourceson the Inter net

We have compiled alist of Internet resources that match the topicsin this chapter. Thislist of linksincludes web
pages that offer:

« online practice for concepts;
« online games, or occasionally, printable games;
¢ animations and interactive illustrations of math concepts;
* articlesthat teach a math concept.
We heartily recommend you take alook at the list. Many of our customers love using these resources to

supplement the bookwork. Y ou can use the resources as you see fit for extra practice, to illustrate a concept
better, and even just for some fun. Enjoy!

https://l.mathmammoth.com/gr6ch6

SCAN ME
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The Sieve of Eratosthenes and Prime Factorization

Remember? A number isaprimeif it has no other factors besides 1 and itself.

For example, 13 isaprime, since the only way to write it asamultiplicationis 1 - 13. In other words, 1 and
13 areitsonly factors.

And, 15isnot aprime, since we can writeit as 3 - 5. In other words, 15 has other factors besides 1 and 15,
namely 3 and 5.

To find all the prime numberslessthan 100 we can use the sieve of Eratosthenes.
Hereisan onlineinteractive version: https.//www.mathmammoth.com/practice/sieve-of-er atosthenes

1. Crossout 1, asit isnot considered a prime. >1< S >I< s T 7 9 [10
2. Crossout all the even numbers except 2. Tl sl o0
3. Cross out all the multiples of 3 except 3. 51122123 124125126 [ 27 1 28 | 29 1 30
4. You do not have to check multiples of 4. Why? 31132133132135136137138 (3940
5. Crossout al the multiples of 5 except 5. 41142143 1444514647148 49|50
6. You do not have to check multiples of 6. Why? 51152153154 155156157158]159]60
7. Crossout al the multiples of 7 except 7. 61|62]163]|64|65]66|67|68]|69]|70
8. You do not have to check multiples of 8 or 9 or 10. TL 72|73 |74|75|76|77|78]79| 80
9. The numbers left are primes. 81)82|83[84]85]|86[87)88|89]90

91192193]94]195|96|97]198]99|100

List the primes between 0 and 100 below:

2’ 31 5! 7!

Why do you not have to check numbersthat are bigger than 10? Let’sthink about multiples of 11. The following
multiples of 11 have already been crossedout: 2-11,3-11,4-11,5-11,6-11,7-11,8 - 11and9- 11. The
multiples of 11 that have not been crossed out are 10 - 11 and onward... but they are not on our chart! Similarly, the
multiples of 13 that are lessthan 100 are 2 - 13, 3 - 13, ..., 7 - 13, and all of those have already been crossed out when
you crossed out multiplesof 2, 3, 5and 7.

1. You learned thisin 4th and 5th grades... find all the factors of the given numbers. Use the checklist to help
you keep track of which factors you have tested.

a. 54 b. 60
Check 12345678910 Check 12345678910
factors: factors:
c. 84 d. 97
Check 12345678910 Check 12345678910
factors: factors:
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Using Factoring When Simplifying Fractions

Y ou have seen the process of ssimplifying fractions before.

+4
In simplifying fractions, we divide both the numerator and S _ =P
the denominator by the same number. The fraction becomes % - W 12 _
simpler, which means that the numerator and the 20
denominator are now smaller numbers than they were before. Every four dlices have
been joined together. P

However, thisdoes NOT change the actual value of the fraction.
It isthe “same amount of pie” asit was before. It isjust cut differently.

Why does thiswork?

It is based on finding common factors and on how fraction multiplication works. In our example above,

% -3 3

12 4.3
the fraction P can be written asﬁ . Then we can cancel out those fours: x = i

-5
. . 4.3, . C 4 3 . .
The reason thisworks is because 25 is equal to the fraction multiplication 25" Andinthat, 4/4is

equal to 1, which means we are only left with 3/5.

Example 1. Often, the simplification is simply written or indicated thisway —

3
. o 2
Notice that here, the 4' s that were cancelled out do not get indicated in any way! E_Q =
You only think it: “I divide 12 by 4, and get 3. | divide 20 by 4, and get 5.” s

Example 2. Here, 35 and 55 are both divisible by 5. This means we can cancel out 375\
those 5's, but notice thisis not shown in any way. We simply cross out 35 and 55, ==
think of dividing them by 5, and write the division result above and below. 58

1. Simplify the fractions, if possible.

12 45 15 13

a — b. — c. — d —

36 55 23 6

15 19 17 24

e — f. — g — h. —

21 15 24 30

2. Leah simplified various fractions like you see below. She did not get them right though.

Explain to her what sheis doing wrong.

24 20 1 21 7 14 10 6 3

84 80 4 60 40 16 12 8 4
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Using factoring when simplifying

* Then we smplify in two steps:

Carefully study the example on the right where we simplify the fraction
144/96 to lowest terms -- in other words, where the numerator and the

denominator have no common factors.

* First wefactor (write) 144 as12 - 12and 96 as 8 - 12.

1. 12 and 8 are both divisible by 4, so they

R 3
R 22

1

144 _
96

For acomparison, hereis
another way to write the
simplification in severa steps,
and that you've seen in earlier
gradesin Math Mammoth:

simplify into 3 and 2. 12 +4
. o 7
2. 12 and 12 are divisible by 12, so they simplify into 144 12 3 |
1 and 1. Essentially, they cancel each other out. 6 -8 "5 - 15
* Lastly wewrite the improper fraction 3/2 as a mixed number. AN A
+12 +4
3 1
Let’s study some more examples. 42 . : 45 g -
(Remember that they don’t show = X% = — = 3\ = —
the number that you divide by.) 105 3551 : ? 5 150 \f’zfl SN 10
1

3. Simplify. Write the simplified numerator above and the simplified denominator below the old ones.

14 33
a — b. —
16 27

12 9
C. — .
26 33

42
e —
28

4. The numerator and the denominator have already been factored in some problems. Y our task isto simplify.
Also, give your final answer as amixed number, if applicable.

L 56 _ 78 _ 54 6-9 o 120 _ 10- _
T84 214 T144 0 1212 T2 9
80 8 36 28
d. = = e = = f. = =
48 8 90 140
5. Simplify the fractions. Use your knowledge of divisibility.
95 66 69
— b. — C. ——
100 82 99
120 0 2 g2
" 600 - B2 - 84
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Simplify “criss-cross’ 13
. - . 45 LR 3
These examples are from the previous page. This time the 45 in the numerator = = —
has been written as 5 - 9 instead of 9 - 5. We can cancel out the 5 from the 150 \51(9 \?\ 10
numerator with the 5 from the denominator (we simplify criss-cross).
Also, we can simplify the 9 in the numerator and the 30 in the denominator 42 \71\ . \é
criss-cross. The other example (simplifying 42/105) is similar. = = —
_ p.(pyg-). _ ) 105 3 - 3% )
This same concept can be applied to make multiplying fractions easier. 1 5
6. Simplify. Give your final answer as a mixed number, if applicable.
14 2-7 54 9 138 2-
a — = = b. = = C = =
84 21-4 150 10 - 36 .4
27 10 o 15 _ _ [ %8 55
20 21 20 - 45 64
Example 3. Here, the simplification is done in two steps. 6 2
In the first step, 12 and 2 are divided by 2, leaving 6 and 1. 48  R-4 64 8
In the second step, 6 and 69 are divided by 3, leaving 2 and 23. 138 2 - 69 169 23
1 23
These two steps can a so be done without rewriting the
expression. The 6 and 69 are divided by 3 as before. This .
time we simply did not rewrite the expression in between 48  R-4 8
but just continued on with the numbers 6 and 69 that were 138 2-89 23
already written there. 1 23
If thislooks too confusing, you do not have to write it in such a compact
manner. Y ou can rewrite the expression before simplifying it some more.

7. Simplify the fractions to lowest terms, or simplify before you multiply the fractions.

88 84 85
a —— —_— cC. —
100 102 105
g 8 8 _ 72 f 104
5 20 120 " 240
35 5 17 _ i 72
9 98 7 15 " 112
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The Greatest Common Factor (GCF)

Let’ s take two whole numbers. We can then list all the factors of each number, and then find the factors that
are common in both lists. Lastly, we can choose the greatest or largest among those “ common factors.”
That isthe greatest common factor of the two numbers. The term itself really tells you what it means!

Example 1. Find the greatest common factor of 18 and 30.

Thefactorsof 18: 1, 2, 3, 6, 9 and 18.
Thefactorsof 30: 1, 2, 3, 5, 6, 10, 15 and 30.

Their common factorsare 1, 2, 3 and 6. The greatest common factor is 6.

Hereisamethod to find all the factors of a given number.

Example 2. Find the factor s (divisors) of 36.
We check if 36 isdivisibleby 1, 2, 3, 4 and so on. Each time we find adivisor, we write down two factors.

» 36isdivisibleby 1. Wewrite 36 = 1 - 36, and that equation gives us two factors of 36:
both the smallest (1) and the largest (36).

» 36isalsodivisibleby 2. Wewrite 36 = 2 - 18, and that equation gives us two more factors of 36:
the second smallest (2) and the second largest (18).

» Next, 36isdivisible by 3. Wewrite 36 = 3 - 12, and now we have found the third smallest factor (3)
and the third largest factor (12).

* Next, 36isdivisible by 4. We write 36 = 4 - 9, and we have found the fourth smallest factor (4)
and the fourth largest factor (9).

* Finally, 36 isdivisible by 6. We write 36 = 6 - 6, and we have found the fifth smallest factor (6)
which is also the fifth largest factor.

We know that we are done because the list of factors from the “small” end (1, 2, 3, 4, 6) has met the list of
factorsfrom the “large” end (36, 18, 12, 9, 6).

Therefore, all of thefactorsof 36 are; 1, 2, 3, 4, 6, 9, 12, 18 and 36.

1. List all of the factors of the given numbers.

a. 48 b. 60

c. 42 d. 99

2. Find the greatest common factor of the given numbers. Y our work above will help!

a. 48 and 60 b. 42 and 48 Cc. 42 and 60 d. 99 and 60

. f

Ba.

Ot
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Chapter 7: Fractions
| ntroduction

This chapter begins with areview of fraction arithmetic from fifth grade—specifically, addition, subtraction,
simplification, and multiplication of fractions. Then it focuses on division of fractions.

The introductory lesson on the division of fractions presents the concept of reciprocal numbers and ties the
reciprocity relationship to the idea that division is the appropriate operation to solve questions of the form, “How
many times does this number fit into that number?’ For example, we can write a division from the question,
“How many times does 1/3 fit into 17" The answer is, obviously, 3 times. So we can write the division

1+ (1/3) = 3 and the multiplication 3 - (1/3) = 1. These two numbers, 3/1 and 1/3, are reciprocal numbers
because their product is 1.

Students learn to solve questions like that through using visual models and writing division sentences that match
them. Thinking of fitting the divisor into the dividend (measurement division) also gives us atool to check
whether the answer to adivision problem is reasonable.

Naturally, the lessons also present the shortcut for fraction division—that each division can be changed into a
multiplication by taking the reciprocal of the divisor, which is often called the “invert (flip)-and-multiply” rule.
However, that “rul€” isjust a shortcut. It is necessary to memorize it, but memorizing a shortcut doesn’t help
students make sense conceptually out of the division of fractions—they aso need to study the concept of
division and use visual models to better understand the process involved.

In two lessons that follow, students apply what they have learned to solve problems involving fractions or
fractional parts. A lot of the problems in these lessons are review in the sense that they involve previously
learned concepts and are similar to problems students have solved earlier, but many involve the division of
fractions, thus incorporating the new concept presented in this chapter.

Consider mixing the lessons from this chapter (or from some other chapter) with the lessons from the geometry
chapter (which isafairly long chapter). For example, the student could study these topics and geometry on
aternate days, or study alittle from both each day. Such, somewhat spiral, usage of the curriculum can help
prevent boredom, and also to help students retain the concepts better.

Also, don't forget to use the resources for challenging problems:

https://l. mathmammoth.com/challengingpr oblems
| recommend that you at least use the first resource listed, Math Stars Newsl etters.

The Lessonsin Chapter 7

page Span
Review: Add and Subtract Fractions and Mixed Numbers......... 37 4 pages
Add and Subtract Fractions: More Practice ..........ccccveevveereenee. 41 3 pages
Review: Multiplying FractionS 1 ........ccccccvvveevenein e, 44 3 pages
Review: Multiplying FractionS 2 ..........cccooeveineneneiencscseee 47 3 pages
Dividing Fractions: Reciprocal NUmbers .........cccccceeeevieeneeniens 50 5 pages
Divide FraCtionS .........cccceeviiiiicee st s 55 4 pages
Problem Solving with Fractions 1 ..........ccccoveviinineninnieeinins 59 3 pages
Problem Solving with FractionsS 2 ...........cccoeveininincncieeenine 62 3 pages
Chapter 7 Mixed REVIEW ........cocveieiiieceeec e 65 2 pages
FractioNS REVIEW .......c.ooiiiiiieeee e 67 3 pages
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Helpful Resourceson the Inter net

We have compiled alist of Internet resources that match the topicsin this chapter. Thislist of linksincludes web
pages that offer:

« online practice for concepts;
« online games, or occasionally, printable games;
¢ animations and interactive illustrations of math concepts;
* articlesthat teach a math concept.
We heartily recommend you take alook at the list. Many of our customers love using these resources to

supplement the bookwork. Y ou can use the resources as you see fit for extra practice, to illustrate a concept
better, and even just for some fun. Enjoy!

https://l.mathmammoth.com/gréch?7

SCAN ME
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Dividing Fractions: Reciprocal Numbers

One interpretation of division is measurement division, where we think: How many times does one number
go into another? For example, to solve how many times 11 fitsinto 189, we divide 187 + 11 = 17.

(The other interpretation is equal sharing; we will cometo that later.)

Let’s apply that to fractions. How many times does@> gointo @@ ?
We can solve thisjust by looking at the pictures. three times. We can write the division: 2 + % =3

To check the division, we multiply: 3 - % = % = 2. Since we got the original dividend, it checks.

to 28 than to 14, instead of 7.

W e can use measur ement division to check whether an answer to a division isreasonable.

For example, if | told you that 7 + 1% equals 14%, you can immediately see it doesn’t make sense:

1 2/3 surely does not fit into 7 that many times. Maybe three to four times, but not 14!

Y ou could also multiply to see that: 14-and-something times 1-and-something is way more than 14, and closer

1. Find the answers that are unreasonable without actually dividing.

3.1 _ 7
b.ZZfz—

4 2
a.§.6-15

7 5
C.§-2—

7 ol _1gl 1.1 _,1
5 0.8:25=18% e b5, +6- =3

2. Solve with the help of the visual model, checking how many times the given fraction fitsinto the other
number. Then write adivision. Lastly, write a multiplication that checks your division.

a. How many times doesaj gointo @@ ? b. How many times does@ gointo @% ?
2 = i = B e
4
3
Check: — =
4 Check:
c. How many times does & go into %%% 2 | d. How many times does [T go into ?
3+ — = N _
Check: Check:

Sample worksheet from
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3. Solve. Think how many times the fraction goes into the whole number. Can you find a pattern or a shortcut?

1 1 1 1
a 3+—= b. 4+—= c. 3+—= d 5+—=
6 5 10 10
1 1 1
e 7+—= f. 4+—= g 4+——= h. 9+—=
8 10 8
1 1 1
5 +— 3 = 9+ —
The shortcut is this:; 4 8
' L 1 I
5. 4 =20 3. 8 =24 9. 7 =63

Notice that 1/4 inverted (upside down) is4/1 or simply 4. We call 1/4 and 4 reciprocal numbers,
or just reciprocals. So the shortcut is: multiply by the reciprocal of the divisor.

Does the shortcut make sense to you? For example, consider the problem 5 + (1/4).
Since 1/4 goes into 1 exactly four times, it must go into 5 exactly 5 - 4 = 20 times.

Two numbersarereciprocal numbers (or reciprocals) of each other if, when multiplied, they make 1.

3 4 3 4 12 1 1 7
— isarecipr f—, — . —== =1 — isarecipr f 7, —.7=— =1.
4 isa eciprocal 0 3 because 2 3° D - isa eciprocal of 7, because 7 7 Z

n
Y ou can find the reciprocal of afraction % by flipping the numerator and denominator: o

m
n

~n-m _ m-n -
m-n m-n '

This works, because

3|

To find the reciprocal of a mixed number or awhole number, first write it as afraction, then “flip” it.

, 3 11 . . .4 . 28 . . .1
Slncezz = its reciprocal number is e .Andsince 28 = 1 its reciprocal number is 8

4. Find the reciprocal numbers. Then write a multiplication with the given number and its reciprocal.

7 1
a — b. — c. 1— d. 32 e 2=
8 8

5. Write adivision sentence to match each multiplication above.

al+—=—|bl+—=—|cl+—=—]|d. +—=—e —
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SHORTCUT: instead of dividing, multiply by thereciprocal of the divisor.

Study the examples to see how this works.

How many times

does gointo @ ?
1

3
43

3ll 9 1
il B 4=24

Answer: 2 1/4 times.

Does it make sense?

Yes, @ fitsinto@ alittle

more than two times.

How many times
does

7

4 5
L

7 5 _ 35

4 2 8

Answer: 4 3/8 times.

Does it make sense?

gointoO@?
2

3
= 4 —
8

Yes. @ goesinto 1 3/4

over four times.

How many times

does gointo%?
9 7
I
3 7T _ 7
9 "% 9

Answer: 7/9 of atime.

Does it make sense?

Y es, because % does not
gointo % even one full time!

2. Use thereciprocal of the divisor.

Remember: There are two changes in each calculation:

1. Change thedivision into multiplication.

6. Solve these division problems using the shortcut. Remember to check to make sure your answer makes sense.

3 2 6
a— + 5 b. — + —
4 3 7
L
3 1
4 5
4 3 2 3
cC -+ = d — + —
7 7 3 5
2 13 1
e 4+— f. — + —
5 3 5
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Now let’s try to make some sense visually out of how reciprocal numbersfit into the division of fractions.

Example 1. We can think of the division 1 + (2/5) as asking, “ How many times does 2/5 fit into 1?”

Using pictures. How many times does @ gointo @ ? (From the looks of it, at least two times!)

From the picture we can see that Q goes into @ two times, and then we have 1/5 |eft over.

. 2 ... . 1 . .
But how many times doesg fit into the leftover piece, 3 ? How many times does @ gointo Q ?

That islike trying to fit a TWO-part piece into a hole that holds just ONE part.
Only 1/2 of the two-part piecefits! So, 2/5 fitsinto 1/5 exactly half atime.

So we found that, in total, 2/5 fitsinto 1 exactly 2 %2 times. We can write the division 1 + % = 2% or %

Notice, wegot 1 + % = % . Checking that with multiplication, we get % . % = 1. Reciprocals!

Example 2. We can think of the division 1 + (5/7) as, “How many times does 5/7 fit into 1?”

Using pictures: How many times does % gointo @ ? (It looks like, abit over onetime.)

From the picture we can see that @v goesinto @ just once, and then we have 2/7 | eft over.

. 5 ... . 2 . .
But how many times does = fit into the leftover piece, 7 ? How many times does % go mto% ?

The five-part piece fitsinto ahole that is only big enough for two parts just 2/5 of the way.

So 5/7 fitsinto one exactly 1 2/5 times—and this makes sense because, as we noted at first, it looked like

5

5/7 fit into one allittle over onetime. The divisionis 1+ - = 1% orl+—= % Reciprocals again!

7. Write adivision.

a. How many times does@ gointo @ ? b. How many times does@ gointo % ?
1+ — = 1+ — =

Check: Does your answer make sense visually? Check: Does your answer make sense visually?

c. How many times does [7]7] go into ? d. How many times does gointo ?
1+ — = 1+—=

Check: Does your answer make sense visually? Check: Does your answer make sense visually?
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8. Fill in the answers and compl ete the patterns. Y ou will be able to do alot of these in your head!

a. b. C. d.
1 1 1 1
3+ — = 6+ — = 1+ — = 8+ — =
5 4 4 2
2 2 1 2
3+ —= 6+ — = 2 + — = 8+ — =
5 4 4 2
3 3 1 3
3+ —= 6+ — = 3+ — = 8+ — =
5 4 4 2
4
3+ —= - — = ] - —— =
5
5
3+ — = - — = - — = - — =
5

Epilogue (optional)

Thelesson didn’t go into full details as to why multiplication by the reciprocal always gives us the answer to a
division problem. Let’s continue that discussion a bit.

Any division can be turned into a multiplication. For example, from the division 2 + % = , We can
write the multiplication % : =2

34
To find what goes on the empty line, we can first of all put there the reciprocal of %a: = > = x =2,

Notice the multiplication of the two fractions above equals 1 (since they are reciprocals). To make the left

side of the equation equal 2, we place 2 in the empty line: % x %x 2 =2

And thus, the answer to the original division is %- 2 (or2 -%) — which isthe origina dividend times

the reciprocal of the divisor.

Let’ stake another example: 2% + 5% =

We turn it around and make a multiplication problem: 5%- = 2%.

4 1

Now, 5 % = 23/4. So first, we insert the reciprocal of 23/4, which is 4/23: 5% 53 = 23.

Since 5 ¥4 - (4/23) = 1, then the number we still need to put on the empty line must be 2 1/6, and thus the
answer to the original division problem is4/23 - (2 1/6), or (2 1/6) - 4/23 — the original divided times the
reciprocal of the divisor.

We could use asimilar argument to show in the general case that the answer to any division problema+bis
always going to be a times the reciprocal of b.
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Divide Fractions

SHORTCUT: instead of dividing, multiply by thereciprocal of the divisor.
This shortcut worksin every case, whether the numbersinvolved are whole numbers, fractions, or mixed
numbers.
2 7 9 10
=+ — 75— 1— + 5
5 9 10 11
o U U
2,9_ B ;L7 a1 2
5 7 35 9 9 9 11 5 55
18 7 _ 2 U R R - S
Check: g g - E Check: ) 10 7 Check: 55 5= 11 = 11
Notice: when you check the problems, you will need to use the original divisor, not the “flipped” one.

1. Solve. Change mixed numbers to fractions before dividing. Check each division by multiplication.

9 2
a — + —

10 5
Check:

7 3
d1l1— + —

8 4
Check:

2. How many 2/3 cup servings can you get out of 5 cups of ice cream?

3 4
b. - + -
7 3
Check:
1 3
e2—=+1—
15 5
Check:
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Problem Solving with Fractions 1

1. a. Annaneeds to make 30 servings of spiced coffee for a party.

. i Spiced Coffee — 4 servings
Calculate the amount of each ingredient she needs.

1 1/2 teaspoons of ground cinnamon
1/2 of a teaspoon of ground nutmeg
2 tablespoons of sugar

1 cup of heavy cream

3 cups of coffee

4 teaspoons of chocolate syrup

b. Next week she wants to make just one serving for hersdlf.
Calculate the amount of each ingredient she needs.

2. Sam planted tomatoes in his garden, which is a rectangle with an area of 2 2 m?.
If one side of the garden measures 5 m, how long is the other side?

3. Which is abetter deal: a book that costs $45.55 at 1/5 off
or abook that costs $52.80 at 1/4 off?

Sample worksheet from
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Chapter 8: Integers

| ntr oduction

In chapter 8, students are introduced to integers, the coordinate plane in all four quadrants and integer addition
and subtraction. The multiplication and division of integers will be studied next year.

Integers are introduced using the number line to relate them to the concepts of temperature, elevation and money.
We also study briefly the ideas of absolute value (an integer’ s distance from zero) and the opposite of a number.

Next, students learn to locate points in al four quadrants and how the coordinates of afigure changewhenitis
reflected across the x or y-axis. Students also move points according to given instructions and find distances
between points with the same first coordinate or the same second coordinate.

Adding and subtracting integersis presented through two main models: (1) movements aong the number line
and (2) positive and negative counters. With the help of these models, students should not only learn the
shortcuts, or “rules’, for adding and subtracting integers, but also understand why these shortcuts work.

A lesson about subtracting integers explains the shortcut for subtracting a negative integer from three different
viewpoints (as a manipulation of counters, as movements on a number-line and as a distance or difference).
There is also aroundup lesson for addition and subtraction of integers.

The last topic in this chapter is graphing. Students will plot points on the coordinate grid according to a given
equation in two variables (such asy = x + 2), thistime using also negative numbers. They will notice the patterns
in the coordinates of the points and the pattern in the points drawn in the grid and also work through some real-
life problems.

Y ou will find free videos covering many topics of this chapter at https://www.mathmammoth.com/videos/
(choose 6th grade).

The Lessonsin Chapter 8

page span
INEEOENS .ot 73 3 pages
Coordinate Grid ........coeeereereeienineseeeese s 76 4 pages
Coordinate Grid Practice ........cccccevevevvceeeiveecnnnnn. 80 3 pages
Addition and Subtraction as Movements............ 83 3 pages
Adding Integers: COUNtES ........cccvevvrereneereeenne 86 3 pages
Subtracting a Negative Integer .........ccoecveenennee. 89 2 pages
Add and Subtract Roundup .........ccccceererienienne. 91 2 pages
Graphing .....ccoooveiereeeese e 93 4 pages
Chapter 8 Mixed REVIEW .......ccceveveveevieeiieeienns 97 2 pages
INEGErS REVIEW ..o 99 3 pages
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Helpful Resourceson the Inter net

We have compiled alist of Internet resources that match the topicsin this chapter. Thislist of linksincludes web
pages that offer:

« online practice for concepts;
« online games, or occasionally, printable games;
¢ animations and interactive illustrations of math concepts;
* articlesthat teach a math concept.
We heartily recommend you take alook at the list. Many of our customers love using these resources to

supplement the bookwork. Y ou can use the resources as you see fit for extra practice, to illustrate a concept
better, and even just for some fun. Enjoy!

https://l.mathmammoth.com/gr6ch8

SCAN ME
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Integers

When we continue the number-line towards the left from zero, we come to the negative numbers.

|
[
9 10

| | | | |
1 [ [ [
-10-9 8 -7-6-5-4-3-2-1 01 2 3 4 5 6 7 8

The negative whole numbersare—1, -2, —3, —4 and so on.

The positive whole numbersare 1, 2, 3, 4 and so on. Y ou can also write them as +1, +2, +3, €efc.
Zero is neither positive nor negative.

All of the negative and positive whole numbers and zero are called integers.

Read —1 as “negative one” and —5 as “ negative five”. Some people read —5 as “minusfive’.
That is very common, and it is not wrong, but be sure that you do not confuse it with subtraction.

Put a“—" sign in front of negative numbers. This sign can also be elevated: "5 is the same as 5.

Often, we need to put brackets around negative numbers in order to avoid confusion with other symbols.
Therefore, 5, =5 and (—5) all mean “negative five'.

Negative numbers are commonly used with temperature. They are also used to express debt. If you owe
$5, you write that as —$5. Another use iswith elevation below sealevel. For example, just as 200 m can
mean an elevation of 200 meters above sea level, —100 m would mean 100 meters below sea level.

1. Plot the integers on
the number-line.

2. Write an integer appropriate to each situation.
a. Daniel owes $23.
b. Mary earned $250.
c. Theairplane flew at the altitude of 8 800 meters.
d. Thetemperaturein the freezer is 18 degrees Celsius below zero.

e. A dolphin dove 9 m below sealevel.

3. The temperature changed from what it was before. Find the new temperature.
Y ou can draw the mercury on the thermometer to help you.

-10

before

1°C

2°C

-2°C

—4°C

—12°C

-8°C

change

drops 3°C

drops 7°C

drops 1°C

rises5°C

rises4°C

rises 3°C

now

el haoaaot
I

S W\V\If\ AA
rPTe— VY

B A 8

o
| ARE]
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Which ismore, =5 or —2? I I

|
[ I R B

Which iswarmer, =5°C or —2°C? Clearly —2°C is. -10 -9 -8 -7 -6

Temperatures just get colder and colder the more

you move towards the negative numbers. We can write a comparison: —2°C > —5°C.

1
=5

-4 -3 -2-1 0 1 2

Which is the better money situation, to have —$5 (owe $5) or to have —$2 (owe $2)?
Clearly, it is better to owe only $2 because you can pay that off easier. We can write: —$5 < —$2.

Which isthe higher elevation, =5 m or —2 m? Of course, 2 m below sealevel, or —2m, is higher.

On the number line, the number that isfarther to theright isthe greater number. So, -5 < —2.

— | —— |
-10-9 88 -7-6-5-4-3-2-1 01 2 3 4 5 6 7 8 9 10

4. Compare. Write < or > between the numbers. Y ou can plot the integers on the number line to help you.

a —2 -3 b. 8 -8 c.—3 0 d. 4 -3 e -5 -9

f. —10 30 |g 4 1 h. 0 -13 i -2 -7 j. 11 ~14

5. You can use the number line to help you. Which integer is...

a. 2 more than —4 b. 5 more than —3 c. 3lessthan 1 d. 6 morethan —11

6. Find the number that is 5 less than ... a.o b. -3 c. 3

7. Express the situations using integers. Then write > or < to compare them.
a. Shelly owes $10 and Mary owes $8.

b. One fish was swimming 3 m below the surface of the water, and
another fish was swimming 4 m below the surface of the water.

c. The temperature this morning was 10°C below zero. Now it is 6°C below zero.
d. Henry has $5. Emma owes $5.

e. The temperature during the day was 10°C but at night it was 2°C below zero.

8. Write the numbers in order from the least to the greatest.

a 2 0 4 4 b. -3 -6 5 3

c. 20 -10 -14 -9 d 3 0 -6 -8
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The absolute value of anumber isits distance from zero.

What is the distance to zero?

6/=6 12|=2

M \ l

I —t
-10-9 8 -7-6-5-4-3-2-1 01 2 3 4 5 6 7 8

] Py ]
1 1 1 1 1 1 1 v 1

9 10
We denote the absolute value of a number using vertical bars around the number.
S0, | —4 | means “the absolute value of 47, which is4. Similarly, | 87| = 87.
9. Find the absolute values of these numbers.
a. |-5] b.|-12] c.|7] d.|0] e | 68|

The opposite of a number isthe number that is at the same distance from zero asit is, but on the opposite
side of the number-line (in regards to zero).
The opposite of =7 is 7.
-71=7

\]

-10-9 8 -7 -6 -5-4-3-2-1 01 2 3 4 5 6

2 ¢ <

We denote the opposite of a number using the minus sign. For example, —4 means the opposite of 4,
which is—4. Or, —(—2) means the opposite of negative two, which is 2.

The opposite of zero is zero itself. In symbols, -0 = 0.

“But wait,” you might ask, “doesn’t —4 mean negative four, not the ‘ opposite of four’ ?’

It can mean either. Sometimes the context will help you to differentiate between the two (to tell whichis
which). Other timesit’s unnecessary to differentiate because, after all, the opposite of four is negative
four: -4 =—-4. ©)

So there are three different meanings for the minus sign:

1. Toindicate subtraction: 7—2=5.
2. Toindicate negative numbers. “negative 7" iswritten —7.
3. Toindicate the opposite of a number: —(—14) is the opposite of negative 14.

10. Think of the minus sign as signifying “the opposite of”. Simplify.

a -5 b. —(-9) c. -10 d. -0 e. —(~100)

11. Write using mathematical symbols, and simplify (solve) if possible.

a. the opposite of 6 d. the absolute value of the opposite of 6
b. the opposite of the absolute value of 6 e. the opposite of —6.
c. the absolute value of negative 6 f. the absolute value of the opposite of —6
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Coordinate Grid

Ay

Thisisthe coordinate grid or coordinate
plane. We have extended the x-axis and
the y-axis to include negative numbers
now. The axes cross each other at the
origin, or the point (0, 0).

w B U

The axes divide the coordinate plane into
four parts, called quadrants. Previously (-4,2)
you have worked in only the so-called first —| | @e=eeepememespemeeeeye 2>
guadrant, but now we will use all four
guadrants.

The coordinates of apoint arefoundinthe ¢ § 4 3 2 - 1 2 3 4 5
same manner as before. Draw a vertical : -1
line (either up or down) from the point i
towards the x-axis. Where this line crosses i =2
the x-axistells you the point’s
x-coordinate.

Similarly, draw a horizontal line (either (_5 _4)

right or |eft) from the point towards the ’ -5
y-axis. Where this line crosses the y-axis

tells you the point’ s y-coordinate. -6

Welist first the point’ s x-coordinate and
then the y-coordinate. Look at the
examplesin the picture.

1. Write the x- and y-coordinates of the points. A

Al )
B(__._)
C(—._— )
D(___._)

E(__._ )

L 3ss)
N w NN W (@)
o

o>

F ,
(— ) 6 -5 -4 3 -2 -1 1 2 3 4 5
G(__,__) !

Self-check: Add the x-coordinates of
all points. Y ou should get —7.

L A%

o
L2
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Graphing

Example. Note the equation y = 2 — x. If x = 0, then we can
calculate the value of y using the equation: y=2-0=2. ?

So, whenx =0and y = 2, that equation istrue. We can
plot the number pair (0, 2) on the coordinate grid.

Some of the other (X, y) values that make the equation
true are listed below, and they are plotted on the right.

Remember? When an equation has two variables, there are
many values of x and y that make that equation true.

®
L
L I R e T e

8765432

X |-4]-3|-2

-1

0

1

2

3

4 -2
-3

y 6 5 4

3

2

1

0

-1

L 2

1 234567 X
®

1. Plot the points from the equations. Graph both (b) and (c) in the same grid.

ay=x+4

Sam

X -9 1] -8

y

>

_— W s Y Ao

[ N T R
Nl I e N S S )

L I I - - IR == e

9 -8-7-6-5-4-3-2-1 1 2345678 9%

X 3 4

y
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Chapter 9: Geometry

| ntr oduction

The main topicsin this chapter include:

 areaof triangles

* areaof polygons

* nets and surface area of prisms and pyramids

» volume of rectangular prisms with sides of fractional length

However, the chapter starts out with some review of topics from earlier grades, as we review the different types
of quadrilaterals and triangles and students do some basic drawing exercises. In these drawing problems,
students will need aruler to measure lengths and a protractor to measure angles.

One focus of the chapter isthe area of polygons. To reach this goal, we follow a step-by-step development. First,
we study how to find the area of aright triangle, which isvery easy, asaright triangle is always half of a
rectangle. Next, we build on the idea that the area of a parallelogram is the same as the area of the related
rectangle, and from that we develop the usual formulafor the area of a parallelogram as the product of its base
timesits height. This formulathen gives us away to generalize finding the area of any triangle as half of the area
of the corresponding parallelogram.

Finally, the area of a polygon can be determined by dividing it into triangles and rectangles, finding the areas of
those and summing them. Students also practice their new skillsin the context of a coordinate grid. They draw
polygons in the coordinate plane and find the lengths of their sides, perimeters and areas.

Nets and surface area is another major topic. Students draw nets and determine the surface area of prisms and
pyramids using nets. They also learn how to convert between different area units, not using conversion factors or
formulas, but using logical reasoning where they learn to determine those conversion factors themselves.

Lastly, we study the volume of rectangular prisms, this time with edges of fractional length. (Students have
already studied thistopic in fifth grade with edges that are awhole number long.) The basic ideaisto prove that
the volume of arectangular prism can be calculated by multiplying its edge lengths even when the edges have
fractional lengths. To that end, students need to think how many little cubes with edges %2 or !5 unit go into a
larger prism. Once we have established the formulafor volume, students solve some problems concerning the
volume of rectangular prisms.

There are quite afew videos available to match the lessons in this chapter at
https://www.mathmammoth.com/videos (choose 6th grade).

Also, don’t forget to use the resources for challenging problems:
https://l. mathmammoth.com/challengingpr oblems

| recommend that you at |east use the first resource listed, Math Stars Newsletters.

The Lessonsin Chapter 9

page Span
QuadrilateralSREVIEW .........ccceovvirericirineneee 105 3 pages
TriangleSREVIEW ....c.eeveeecieeee e, 108 2 pages
Areaof Right Triangles .........ccoeeeererincneiescniens 110 2 pages
Areaof Parallelograms ..........ccccoovenenenneneniennes 112 3 pages
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Area of TriangleS ......ccooevveveevecie e 115 2 pages

Polygonsin the Coordinate Grid ..........cc.cccceevennen. 117 3 pages
Area of POlYgONS .......cccccovieiiiieeere e 120 2 pages
Area of Shapes Not Drawn on Grid .........ccccceeeeene 122 2 pages
Areaand Perimeter Problems .........cccccocveceeveenee. 124 2 pages
Netsand Surface Areal .......cccooevenviencennreenne, 126 3 pages
Netsand Surface Area2 ........ccceeeeveeveeveesieeseeenn, 129 2 pages
Problemsto Solve — Surface Area..........ccoceeeenene 131 2 pages
Converting Between Area Units .........ccceeevvnveene. 133 2 pages
Volume of aRectangular Prism

with Sides of Fractional Length ............ccccoeeeeee. 135 3 pages
Volume Problems ... 138 2 pages
Chapter 9 Mixed REVIEW .......ccevcevvevvercie e 140 3 pages
GEOMELTY REVIEW .....coeciviecee e 143 3 pages

Helpful Resourceson the Inter net

We have compiled alist of Internet resources that match the topicsin this chapter. Thislist of linksincludes web
pages that offer:

« online practice for concepts;
« online games, or occasionally, printable games;
¢ animations and interactive illustrations of math concepts;

* articlesthat teach a math concept.

We heartily recommend you take alook at the list. Many of our customers love using these resources to
supplement the bookwork. Y ou can use the resources as you see fit for extra practice, to illustrate a concept
better, and even just for some fun. Enjoy!

https://l.mathmammoth.com/gr6ch9

SCAN ME
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Area of Parallelograms

N1 [

We draw aline from one vertex of the parallelogramin Therectangle' sareais6 - 4=24
order to form aright triangle. Then we move the triangle sguare units, and that is also the
to the other side, as shown. Look! We get arectangle! area of the original parallelogram.

It works here, aswell. The area of the e
rectangle and of the parallelogram are
the same: both have the area of

4 - 4 =16 sguare units.

-
......
.....

Thearea of a parallelogram isthe same as the area of the corresponding rectangle.
Y ou construct the rectangle by moving aright triangle from one side of the parallelogram to the other.

1. Imagine moving the marked triangle to the other side as shown. What is the area of the original
parallelogram?

2. Draw alinein each parallelogram to form aright triangle. Imagine moving that triangle to the other side so
that you get arectangle, like in the examples above. Find the area of the rectangle, thereby finding the area

of the original parallelogram.

d.
N\

CNEEERN R

a. square units  b. square units

C. Sguare units  d. sguare units
Sample worksheet from
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Nets and Surface Area 1

This picture shows aflat figure, called anet, that can
be folded up to form a solid, in this case a cube.

Each face of acubeisasquare. If we find the total area of —>
its faces, we will have found the surface ar ea of the cube.

Let’s say that each edge of this cube measures 2 cm. Then one
facewould havean areaof 2cm-2cm=4 cmz, and the total
surface area of the six faces of the cube would be 6 - 4 cm? = 24 cm?.

What isits volume? Remember, volume has to do with how much space afigure takes
up, and not with “flat” area. Volume is measured in cubic units, whereas areaiis

measured in square units. The volume of thiscubeis2cm - 2cm - 2cm = (2 cm)® = 8 cm®,

1. Which of these patterns are nets of a cube? In other words, which ones can be folded into a cube?
Y ou can copy the patterns on paper, cut them out and fold them.

| [] | | []

a L | b. c.L_| d. L | e

2. Match each rectangular prism (@), (b), (c) and (d) with the correct net (1), (2), (3) and (4).
Again, if you would like, you can copy the nets onto paper, cut them out, and fold them.

)

..........

(1) @) [ ----- .....

3. Find the surface area (A) and volume (V) of each rectangular prism in problem #2 if the edges of the little
cubesare 1 cm long.

aA= cm? b.A= cm? C.A= cm d.A= cm

V= cm® V= cm V= cm V= cm
Sample worksheet from
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A prism hastwo identical polygons as its top and
bottom faces. These polygons are called the bases
of the prism. The bases are connected with faces
that are parallelograms (and often rectangles).

Prisms are named after the polygon used as the bases.

A rectangular prism.

The bases are rectangles. !’

Two triangular prisms.
Oneislying down, where

the base is facing you. !
The other is“ standing up”.

A pentagonal prism and its net. The bases
are pentagons. Again, the base is not “on
the bottom” but facing you.

A pyramid has a polygon asits
bottom face (the base), and triangles
as other faces.

Pyramids are named after the polygon
at the base: atriangular pyramid, square
pyramid, rectangular pyramid,
pentagonal pyramid, and so on. A squar e pyramid and its net.

See interactive solids and their nets at the link below:
https.//www.mathsi sfun.com/geometry/polyhedron-model s.html

4, Name the solid that can be built from each net.

d. e

Qamnlawvwor haoaat from
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5. Which expression, (1), (2), or (3), can be used to calculate the surface area of

Chapter 9: Nets and Surface Area 1

this prism correctly? (Y ou do not have to actually calculate the surface area.) 5 cm
1.2-3Bcm?2 + 2-63cm? + 2-45cm: 0k deeeeesssessesedeens
&
2.5cm-9cm-7cm < >N\
9 cm
35cm-7cm+9cm-7cm+9cm - 5cm
6. Ryan organized the calculation of the surface area of this prism into three parts. Write down the
intermediate calculations, and solve. Thisway, your teacher (or others) can follow your work. et
Remember also to include the units (cm or cm?)!
Top and bottom: &
% /
=
Q
Back and front: i
>
6 cm
Thetwo sides:
Total:

7. The surface area of a cubeis 96 square inches.

a. What is the area of one face of the cube?

b. How long is each edge of the cube?

c. Find the volume of the cube.

Puzzle Corngr

Consider the rectangular prismsin problem #2. If the edges of thelittle
cubes were double as long, how would that affect the surface area?
Volume?

Y ou can use the table below to investigate the situation.

Prism a.

Prism b.

A=

cm?

A=

cm

V =

cm®

V=

cm

Sampteworksteetfrom
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Volumeof a

Rectangular Prism

with Sides of Fractional Length

Example 1. Let’simagine g
that the edges of thislittle Q )
cube each measure Y2 m. Tom N

If we stack eight of them so
that we get abigger cube... we get this:

1m

12m

The bigger cube has 1 m edges, so itsvolumeis
1 cubic meter.

If eight identical little cubes make up this bigger
cube, and its volumeis 1 cubic meter, then
the volume of one little cube is 1/8 cubic meter.

Notice: thisisthe same result that we get if we multiply

the height, width and depth of the little cube:

1,1 5
oM =7gm

1
2

1
—m -

m-2

1. The edges of each little cube measure %2 m. What is the total volume, in cubic meters, of these figures?

S
- 7 Y q
a. 1/2m b. C. d.
width=_1/2 m width = m width = m width = m
heigt=__ m height=_______m height=_ m heigt=__ m
depth=_ m depth=___ m depth=_ m depth=_  m
_1 littlecube, _ 8 little cubes, little cubes, little cubes,
1/8 m? each 1/8 m° each 1/8 m* each 1/8 m
V= m? V= m? V= m? V= m?

2. Write amultiplication (width - depth - height) to calculate the volume of the figures (c) and (d) above, and

verify that you get the same result as above.

m -

lech oot frana

ananla va~
(J.IIIIJIC VWUT NOTTTCCTLU 1TTUITTI

https://www.mathmammoth.com
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Chapter 10: Statistics

| ntr oduction

The fundamental theme in our study of statistics is the concept of distribution. In the first lesson, studentslearn
what a distribution is—basicaly, it is how the data is distributed. The distribution can be described by its center,
spread and overall shape. The shape is read from a graph, such as adot plot or a bar graph.

Two major concepts when summarizing and analyzing distributions are its center and its variability. First we
study the center, in the lessons about mean, median, and mode. Students not only learn to calcul ate these values,
but a so relate the choice of measures of center to the shape of the data distribution and the type of data.

Next, we study measures of variation, starting with range and interquartile range. Students use these measuresin
the following lesson, as they both read and draw boxplots.

The lesson Mean Absolute Deviation introduces students to this measure of variation. It takes many calculations,
and the lesson gives instructions on how to calculate it using a spreadsheet program (such as Excel or
LibreOffice Calc).

Next, students learn to make histograms. They will also continue summarizing distributions by describing their
shape, and giving a measure of center and a measure of variability. The lesson on stem-and-leaf plotsis optional.

There are some videos available for these topics at https://www.mathmammoth.com/videos/ (choose 6th
grade).

The Lessonsin Chapter 10

page Span
Understanding Distributions.............cccocevenienee. 149 5 pages
Mean, Median and Mode..........ccceceeeeeciveeeenee 154 2 pages
Using Mean, Median and Mode....................... 156 2 pages
Range and Interquartile Range ............cccceceeee 158 2 pages
BOXPIOLS ..o 160 3 pages
Mean Absolute Deviation ..........ccccceeeeeecnennene 163 4 pages
Making Histograms ..........cccoceveneneencnieniennnn 167 3 pages
Summarizing Statistical Distributions.............. 170 4 pages
Stem-and-Leaf-PlotS ......ccoevvvviieiceceece 174 2 pages
Chapter 10 Mixed ReVIiew .........cccccveerieneneenens 176 3 pages
StatistiCS REVIEW ....ceevveeeeee e 179 4 pages
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Helpful Resourceson the Inter net

We have compiled alist of Internet resources that match the topicsin this chapter. Thislist of linksincludes web
pages that offer:

« online practice for concepts;
« online games, or occasionally, printable games;
¢ animations and interactive illustrations of math concepts;

* articlesthat teach a math concept.

We heartily recommend you take alook at the list. Many of our customers love using these resources to
supplement the bookwork. Y ou can use the resources as you see fit for extra practice, to illustrate a concept
better, and even just for some fun. Enjoy!

https://l.mathmammoth.com/gr6ch10

SCAN ME
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Under standing Distributions

A statistical question is a question where we expect arange of variability in the answers to the question.

For example, “How old am |7’ is not a statistical question (there is only one answer), but “How old are the
students in my school ?’ is a statistical question because we expect the students' ages not to be all the same.

“How much doesthis TV cost?” ishot a statistical question because we expect there to be just one answer.

“How much does this TV cost in various stores around town?’ is astatistical question, because we expect a
number of different answers: the prices in different stores will vary.

To answer a statistical question we collect a set of data (many answers). The data can be displayed in some
kind of a graph, such as abar graph, a histogram, or adot plot.

Thisisadot plot showing the ages of the
participants in awebsite-building class. Each
dot in the plot signifies one observation. For
example, we can see there was one 13-year
old and two 14-year olds in the class.

The dot plot shows us the distribution of

the data: it shows how many times (the frequency)
each particular value (age in this case) occursin
the data.

Thisdistribution is actually bimodal, or
“double-peaked’. This meansit hastwo
“centers’: one around 11-12 years, and
another around 17-18 years.

The Ages of Website Class Participants

9 10 11 12 13 14 15 16 17 18 19
years

20

1. Arethese statistical questions? If not, change the question so that it becomes a statistical question.

a. What color are my teacher’s eyes?

b. How much money do the students in this university spend for lunch?

¢. How much money do working adults in Romania earn?

d. How many children in the United States use a cell phone regularly?

e. What is the minimum wage in Ohio?

f. How many sunny days were there in August, 2020, in London?

g. How many pets does my friend have?

Sample worksheet from
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2. Isthis graph based on a statistical question?

Why or why not?

3. The line graph shows the maximum
temperaturesin New Y ork for each month
of acertain year.

Isthis graph based on a statistical question?

Why or why not?

4. Thetitle of thisdot plot is not the best.
But, could the plot be based on a
statistical question?

If yes, giveit a better, more specific, title.
Imagine what situation and what question
might have produced the data.

12

Responses to: “How was the last meal you ate at Joe’s Grill?

10

8

respondents
o

4

2

0 I

poor not so good  normal good excellent
Maximum Temperature in New York

30+

251
4
3 201
2
S 154
(%))
=
©n 101
[0
®)

5_

0_

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Weight of Cats
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
pounds

5. Change each question from a non-statistical question to a statistical question, and vice versa.

a. What shampoo do you use?

b. How cold wasit yesterday where you live?

c. How old are people in Germany when they marry (the first time)?

d. How long does it take for our company’ s packages to reach the customers?
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We are often interested in the center, spread and overall shape of the distribution. Those three things can
summarize for us what isimportant about the distribution.

The center of adistribution hasto do with where its peak is. We can use mean, median and mode to
characterize the central tendency of a distribution. We will study those in detail in the next lesson.

These three dot plots show how the spread of a distribution can vary. This means how the dataitems
themselves are spread— whether they are “spread” al over, or tightly concentrated near some value, or
somewhat concentrated around some value. We will study more about spread in another lesson.

o1 2 3 4 5 6 7 8

o1 2 3 4 5 6 7 8 9 10

little spread

medium spread

U-shaped

bell-shaped

The distribution can have many varying overall shapes. For example:

double-peaked (bimodal)

J-shaped
(can also be mirrored where
most of the values are at the left)

asymmetrical, right-tailed
(ak.a right-skewed)

rectangular

In addition to its overall shape, adistribution may have a gap, an outlier, or a cluster:

This distribution has a gap
from 19 to 22

In thisdistribution, 9isan
outlier — adataitem whose
valueis considerably less or
more than all the others.

This distribution has a bell
shape overall (with a peak at
18), but also acluster or a
smaller peak at 8-10.

11 13 15 17 19 21

23 25

8 10 12 14 16 18 20 22 24
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6. Anne asked her classmates the question, “How tall are you?’ The histogram shows the distribution of
her data.

a. Describe the overall shape of the distribution,

Height of Classmates

and also include if there are any striking deviations
from the overall pattern (gaps, outliers, or clusters).

o - N w » (4] o ~ foc]
|

b. Whereisthe peak of the distribution?

135..139 140..144 145.149 150..154 155..159 160..164 165.169 170..174
cm

¢. How many observations are there?

7. Make adot plot from this data (weekly work hours of arestaurant’s employees). Y ou need to place a dot
for each observation.

48 45 46 41 42 42 43 43 42 42 41
41 45 49 40 41 41 42 46 47 42 40

Employees' Work Hours

a. Describe the overall shape of the distribution.
Alsoinclude if there are any striking deviations
from the overall pattern (gaps, outliers, or clusters).

b. Where is the peak of the distribution? 39 40 41 4243 44 45 48 47T 48 49 30

hours

¢. How many observations are there?

8. a. Does this graph show a statistical distribution?

Why or why not? Colors of chocolate sweets in a bag

b. Calculate what percentage of the candies
arered and what percentage are green.

O T T T T T
brown red yellow blue orange  green
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9. First, count the number of lettersin these expressions for
“Thank You” from various languages and fill in the empty
column in the table. Next, label the number line below the
dot plot so that all of the datawill fit. Finaly, plot the data.

Number of Letters in Expressions for "Thank You"

number of letters

a. Describe the overall shape of the distribution.
Also include if there are any striking deviations
from the overall pattern (gaps, outliers, or clusters).

b. Whereisthe peak of the distribution?

¢. How many observations are there?
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Language Spelling Y
Africaans dankee
Arabic shukran
Chinese, Cantanese dojeh
Chinese, Mandarin xiexie
Czech dékuji
Danish tak
English thank you
Finnish kiitos
French merci
German danke
Greek efharisto
Hawaiian mahalo
Hebrew toda
Hindi sukria
Italian grazie
Japanese arigato
Korean kamsa hamnida
Norwegian takk
Philippines (Tagalog)] salamat po
Polish dziekuje
Portuguese obrigado
Russian spasibo
Spanish gracias
Sri Lanka (Sinhak) istutiy
Swahili asante
Swedish tack
Thai khop khun krab
Turkish tesekkir ederim
Vietnamese camon




Mean, Median and M ode

Mean, median and mode are all measures for the center of a data set. In other words, each of them gives us
asingle number that indicates a“middle point” of the distribution.

The mode is the most commonly occurring data item within the data set.

« |f no item occurs more often than others, there is no mode.
Example 1. The data set { bear, parrot, cat, dog, lizard} has no mode.

* If two (or three, four, etc.) items occur equally often, there are that many modes.
Example 2. Thedataset {3, 3, 6, 6, 7, 8, 8, 10} has three modes: 3, 6 and 8.

The median isthe middle item after the datais organized from the least to the greatest. Exactly half of the
data is before the median, and the other half is after.

« |f thereis an even number of dataitems, the median Ages of the Children
isthe average of the two itemsin the middle.

Example 3. Find the median of the ages of a group of children:
3,3,46,6,7,88,838,89,099,09,10, 10, 10

There are 18 dataitems and they are aready in order. c c o o e
The median isthe “middle item”, in this case the average of
the 9th and 10th ages, which are both 8. So the median is 8.
It matches well with the peak in the plot of the distribution. T T

What is the mode in this example?

The mean, or the average, is calculated by adding all the dataitems, then dividing by the number of items.

Example 4. Mia's scores on her spelling tests were 80%, 72%, 88%, 92% and 79%.
What was her average score?

, , - 80+72+88+92+79
We calculate the mean by adding the five scores and dividing by 5: 5 = 82.2%

1. Find the median and mode of these data sets.
a. 20, 25, 21, 30, 29, 24, 18, 32, 25, 26, 25 (ages of participants in a parenting class)

median mode

b.1,1,0,22,2,3,1,2,2,1 (thenumber of cars per household, for 11 households on Meadow Street)

median mode

c. 80, 85, 80, 90, 70, 75, 90, 85, 100, 80 (Alice's quiz scores in algebra class)

median mode

d. sandals, crocs, tennis shoes, crocs, dress shoes, sandal's (types of shoes Emma keeps on her shoe rack)
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Stem-and-L eaf Plots

This lesson is optional.

A stem-and-leaf plot is made using the
numbers in the data, and it looks a little bit

like a histogram or a dot plot turned sideways. Ages of the participantsin the Steml | :Zaf

In this plot, the tens digits of the individual County Fair Karaoke Contest: 5l 1258
numbers become the stems, and the ones 310013367
digits become the leaves. For example, the é‘ll ég éé gé gg 4218 Zg gg 4| 05

second row 2 |1 2 5 8 actually means 5|8

21, 22, 25, and 28. Notice how the |leaves

are listed in order from the smallest to the 4|5means 45
greatest.

Since stem-and-leaf plots show not only the shape of the distribution but also the individua values, they can
be used to get a quick overview of the data. This distribution has a central peak and is somewhat skewed to
the right.

Y ou can aso find the median fairly easily because you can follow the individual values from the smallest
to the largest, and find the middie one.

Stem-and-leaf plots are most useful for numerical data sets that have 15 to 100 individual dataitems.

1. a. Complete the stem-and-leaf plot for this data: Stem | Leaf
1920 34 25 21 34 14 20 37 35 20 24 35 15 45 42 55 1
(prices of hair dryersin three stores) 2
3
b. What is the median? g
5|4 means 54
2. a. Complete the stem-and-leaf plot for this data. Thistime, the stems Stem | Lesf
arethefirst two digits of the numbers, and the leaves are the last digits. 70
709 700 725 719 750 740 757 745 786 770 728 755 71
(monthly rent, in dollars, for one-bedroom apartments in Houston, Texas) 72
b. Find the median monthly rent. 73
74
. . . 75
c. Find the interquartile range. 76
77
78
d. Describe the spread of the distribution 79
(is the data spread out a lot, a medium amount, alittle, etc.)
719 means 719
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