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Foreword

Math Mammoth Grade 7, International Version, comprises a complete maths curriculum for the seventh grade
mathematics studies. Thisis a pre-algebra course, and students can continue to an Algebra 1 curriculum after
completing it.

This curriculum is essentially the same as the U.S. version of Math Mammoth Grade 7, only customised for
international audiencesin afew aspects (listed below). The curriculum meets the Common Core Standardsin
the United States, but it may not perfectly align to the seventh grade standards in your country. However, you
can probably find material for any missing topicsin neighbouring grades.

Theinternational version of Math Mammoth has been customised for international audiences in these aspects.

 The curriculum uses metric measurement units. Imperial units, such as miles and pounds, are not used,
with the following exceptions. One exception is a problem about the heights of playersin women’s sports
teamsin Chapter 10, in the lesson “Comparing Two Populations’. The statistical analysis can be done
just by using the numbers; it is not important that they happen to be inches. Another exception is the
usage of cupsin several problems referring to serving sizes and recipes.

» The spelling conforms to British international standards.
» Paper sizeisA4.

» Large numbers are formatted with a space as the thousands separator (such as 12 394).
(The decimal s are formatted with a decimal point, the same as the US version.)

The main areas of study in Math Mammoth Grade 7 are:
» The basics of algebra (expressions, linear equations and inequalities);
» Thefour operations with integers and with rational numbers (including negative fractions and decimals);
* Ratios, proportions, and percent;
» Geometry;
* Probability and statistics.

This book, 7-B, covers ratios and proportions (chapter 6), percent (chapter 7), geometry (chapter 8), probability
(chapter 9), and statistics (chapter 10). The rest of the topics are covered in the 7-A worktext.

| heartily recommend that you read the full user guide in the following pages.

| wish you success in teaching maths!

Maria Miller, the author
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User Guide

Note: You can also find the information that follows online, at https://www.mathmammoth.com/user guides .

Basic principlesin using Math Mammoth complete curriculum

Math Mammoth is mastery-based, which meansit concentrates on afew major topics at atime, in order to study
them in depth. The two books (parts A and B) are like a“framework”, but you still have alot of liberty in
planning your student’s studies. Y ou can even useit in aspiral manner, if you prefer. Simply have your student
study in 2-3 chapters simultaneously.

In seventh grade, the first five chapters should be studied in order. Also, chapter 7 (Percent) should be studied
before studying any of the chapters 8, 9, or 10 (Geometry, Probability, Statistics). Y ou can be flexible with the
rest of the scheduling.

Math Mammoth is not a scripted curriculum. In other words, it is not spelling out in exact detail what the
teacher isto do or say. Instead, Math Mammoth gives you, the teacher, various tools for teaching:

e Thetwo student wor ktexts (parts A and B) contain all the lesson material and exercises. They include the
explanations of the concepts (the teaching part) in blue boxes. The worktexts also contain some advice for
the teacher in the “Introduction” of each chapter.

The teacher can read the teaching part of each lesson before the lesson, or read and study it together with the
student in the lesson, or let the student read and study on his own. If you are a classroom teacher, you can
copy the examples from the “ blue teaching boxes” onto the board and go through them on the board.

 There are hundreds of videos matched to the curriculum available at
https://www.mathmammoth.com/videos/ . Thereisn't avideo for every lesson, but there are dozens of
videos for each grade level. Y ou can simply have the author teach your student!

» Don't automatically assign all the exercises. Use your judgement, trying to assign just enough for your
student’ s needs. Y ou can use the skipped exercises later for revision. For most students, | recommend to
start out by assigning about half of the available exercises. Adjust as necessary.

* For each chapter, thereisalink list to various free online games and activities. These games can be used
to supplement the maths lessons, for learning maths facts, or just for some fun. Each chapter introduction
(in the student worktext) contains alink to the list corresponding to that chapter.

» The student books contain some mixed revision lessons, and the curriculum also provides you with
additional cumulativerevision lessons.

» Thereisachapter test for each chapter of the curriculum, and a comprehensive end-of-year test.

» Theworksheet maker allows you to make additional worksheets for most cal culation-type topicsin the
curriculum. Thisisasingle html file. Y ou will need Internet accessto be able to use it.

 You can use the free online exercises at https://www.mathmammoth.com/practice/
Thisis an expanding section of the site, so check often to see what new topics we are adding to it!

» Some grade levels have cut-outs to make fraction manipulatives or geometric solids.

» The answer keys are included in the digital download version. They are sold as a separate book for the
printed version.
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How to get started

Have ready the first lesson from the student worktext. Go over the first teaching part (within the blue boxes)
together with your student. Go through afew of the first exercises together, and then assign some problems for
your student to do on their own.

Repeat thisif the lesson has other blue teaching boxes. Naturally, you can also use the videos at
https://www.mathmammoth.com/videos/

Many students can eventually study the lessons completely on their own — the curriculum becomes self-
teaching. However, students definitely will vary in how much they need someone to be there to actually teach
them.

Pacing the curriculum

Each chapter introduction contains a suggested pacing guide Worktext 7-A Worktext 7-B
for that chapter. Y ou will see asummary on theright. (This

summary does not include the optional lessons nor tests.) Chapter 1| 8days | | Chapter 6 | 16 days
Most lessons are 3 or 5 pages long, intended for one day. Some Chepter 2| 13 days Chapter 7 | 11 days
5-page lessons can take two days. There are also afew optional Chapter 3| 9 days Chepter 8 | 22 days
lessons, Chapter 4 | 16 days Chapter 9 | 10 days
It can al'so be helpful to calculate a general guideline asto Chapter 5| 16 days| | Chapter 10| 12 days
how many pages per week the student should cover in

order to go through the curriculum in one school year. TOTAL [62days| | TOTAL |71days

The table below lists how many pages there are for the
student to finish in this particular grade level, and gives you a guideline for how many pages per day to finish,
assuming a 180-day (36-week) school year. The page count in the table below includes the optional lessons.

Example:
School | Daysfor tests | Lesson | Daysfor the | Pagesto study | Pagesto study
Grade level L
days | andrevisions | pages | student book per day per week
7-A 83 10 199 73 2.73 13.6
7-B 97 10 240 87 2.76 138
Grade 7 total | 180 20 439 160 2.74 137
The table below isfor you to use.
School | Daysfor tests | Lesson | Daysfor the | Pagesto study | Pagesto study
Gradelevel .
days | andrevisions| pages | student book per day per week
7-A 199
7-B 240
Grade 7 total 439

Let’s say you determine that your student needs to study about 2.7 pages aday, or 14 pages aweek on average
in order to finish the curriculum in ayear. Asthe student studies each lesson, keep in mind that sometimes most
of the page might be reserved for workspace to solve equations or other problems. Y ou might be able to cover
more than the average number of pages on such aday. Some other day you might assign the student only one
page of word problems.
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Now, something important. Whenever the curriculum has lots of similar practice problems (a large set of
problems), feel free to only assign 1/2 or 2/3 of those problems. If your student getsit with less amount of
exercises, then that is perfect! If not, you can always assign the rest of the problems for some other day. In fact,
you could even use these unassigned problems the next week or next month for some additional revision.

In general, seventh graders might spend 45-90 minutes a day on maths. If your student finds maths enjoyable,
they can of course spend more time with it! However, it is not good to drag out the lessons on aregular basis,
because that can affect the student’ s attitude towards maths.

Working space, the usage of additional paper and mental maths

The curriculum generally includes working space directly on the page for students to work out the problems.
However, fedl freeto let your students to use extra paper when necessary. They can useit, not only for the
“long” agorithms (where you line up numbers to add, subtract, multiply, and divide), but also to draw diagrams
and pictures to help organise their thoughts. Some students won't need the additional space (and may resist the
thought of extra paper), while some will benefit from it. Use your discretion.

Some exercises don’t have any working space, but just an empty line for the answer (e.g. 200 + =1000).
Typicaly, | have intended that such exercises be done using MENTAL MATHS.

However, there are some students who struggle with mental maths (often this is because of not having studied
and used it in the past). As always, the teacher has the final say (not me!) asto how to approach the exercises
and how to use the curriculum. We do want to prevent extreme frustration (to the point of tears). The goal is
aways to provide SOME challenge, but not too much, and to let students experience success enough so that
they can continue enjoying learning maths.

Students struggling with mental maths will probably benefit from studying the basic principles of mental
caculations from the earlier levels of Math Mammoth curriculum. To do so, look for lessons that list mental
maths strategies. They are taught in the chapters about addition, subtraction, place value, multiplication, and
division. My article at https://www.mathmammoth.com/lessons/practical_tips mental_math also gives you a
summary of some of those principles.

Using tests

For each chapter, there is achapter test, which can be administered right after studying the chapter. The tests
are optional. Some families might prefer not to give tests at all. The main reason for the testsis for diagnostic
purposes, and for record keeping. These tests are not aligned or matched to any standards.

The end-of-year test is best administered as a diagnogtic or assessment test, which will tell you how well the
student remembers and has mastered the mathematics content of the entire grade level.

Using cumulative revisions and the wor ksheet maker

The student books contain mixed revision lessons which revise concepts from earlier chapters. The curriculum
also comes with additional cumulative revision lessons, which are just like the mixed revision lessonsin the
student books, with a mix of problems covering various topics. These are found in their own folder in the digital
version, and in the Tests & Cumulative Revisions book in the printed version.

The cumulative revisions are optional; use them as needed. They are named indicating which chapters of the
main curriculum the problems in the revision come from. For example, “Cumulative Revision, Chapter 4”
includes problems that cover topics from chapters 1-4.
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Both the mixed and cumulative revisions allow you to spot areas that the student has not grasped well or has
forgotten. When you find such atopic or concept, you have several options:

1. Check if the worksheet maker lets you make worksheets for that topic.

2. Check for any online games and resources in the Introduction part of the particular chapter in which this
topic or concept was taught.

3. If you have the digital version, you could simply reprint the lesson from the student worktext, and have the
student restudy that.

4. Perhaps you only assigned 1/2 or 2/3 of the exercise sets in the student book at first, and can now use the
remaining exercises.

5. Check if our online practice area at https.//www.mathmammoth.com/practice/ has something for that topic.

6. Khan Academy has free online exercises, articles, and videos for most any maths topic imaginable.

Concerning challenging word problems and puzzles

While thisis not absolutely necessary, | heartily recommend supplementing Math Mammoth with challenging
word problems and puzzles. Y ou could do that once a month, for example, or more often if the student enjoysit.

The goal of challenging story problems and puzzlesisto develop the student’slogical and abstract thinking
and mental discipline. | recommend starting these in fourth grade, at the latest. By then, students are able to
read the problems on their own and have developed mathematical knowledge in many different areas. Of course
| am not discouraging students from doing such in earlier grades, either.

Math Mammoth curriculum contains lots of word problems, and they are usually multi-step problems. Several

of the lessons utilise abar model for solving problems. Even so, the problems | have created are usualy tied to a
specific concept or concepts. | feel students can benefit from solving problems and puzzles that require them to
think “outside the box” or are just different from the ones | have written.

| recommend you use the free Math Stars problem-solving newsletters as one of the main resources for puzzles
and challenging problems:

Math Stars Problem Solving Newdletter (grades 1-8)
https.//www.homeschoolmath.net/teaching/math-stars.php

| have also compiled alist of other resources for problem solving practice, which you can access at this link:
https://l. mathmammoth.com/challengingpr oblems

Another idea: you can find puzzles online by searching for “brain puzzlesfor kids,” “logic puzzles for kids’ or
“brain teasers for kids.”

Frequently asked questions and contacting us

If you have more questions, please first check the FAQ at https://www.mathmammoth.com/fag-lightblue

If the FAQ does not cover your question, you can then contact us using the contact form at the
MathMammoth.com website.
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Chapter 6. Ratios and Proportions
| ntroduction

Chapter 6 revises the concept, which has aready been presented in grade 6, of the ratio of two quantities. From
this concept, we develop the related concepts of arate (so much of one thing per so much of another thing) and
aproportion (an equation of two ratios).

When two quantities are in proportion, we can consider the quantities as variables, write an equation to describe
the relationship between them, and graph that equation. This study of proportional relationships takes the
concept of ratio to anew level, and paves the way to the study of linear functionsin 8th grade.

The first lessons focus on the concepts of ratio, rate, and unit rate. Students use tables of equivalent ratios and
unit rates to solve a variety of problems involving rates. We especially focus on calculating unit rates when the
guantitiesinvolve fractions.

Then we study proportional relationships, using the familiar tables of equivalent rates as a starting point.
Students write and graph equations relating the two quantities (seen as variables now). They find the unit rate
and plot it on the graph as a single point, and relate the different representations of proportional relationships
(graph, table of values, wording, and equation) to each other. We also spend some time analysing whether a
given relationship between variablesis proportional or not.

The next topic is proportions — equations where one ratio is equal to another. Students learn to solve
proportions with cross-multiplying and to set them up in the correct way to solve aword problem. They also
learn and compare different ways to solve problems with rates. It is not always necessary to set up a proportion!

Then we turn our attention to an application of al thisin geometry: scaled figures, scale drawings, floor plans,
and maps. Students encounter scales such as 1:90 or 2 cm = 30 m. They calculate dimensionsin reality from the
scale drawing and vice versa, and redraw scale drawings at a different scale. Floor plans use a scale also, and are
hopefully an interesting topic to students.

The lesson on maps is optional. In today’ s world, most of us are using online map services which calculate the
distances for us, so there is much less need to figure out distances using physical maps, but some students (and
teachers) might find the topic interesting.

In 8th grade, students encounter proportional relationships again, as they learn the connection between the unit
rate and the slope of the graph, and compare different proportional relationships represented in different ways.

I recommend not assigning all the exercises by default, but that you use your judgement, and strive to vary the
number of assigned exercises according to the student’s needs. Please see the user guide at
https://www.mathmammoth.com/user guides/ for more guidance on using and pacing the curriculum.

There are free videos matched to the curriculum at https.//www.mathmammoth.com/videos/ (choose 7th
grade).

Good Mathematical Practices

» The chapter gives students many opportunities to persevere in problem solving through various multi-step
word problems. Remind your student(s) that making a mistake is part of normal problem solving, and when
you think about your mistake, your brain actually grows. There is no brain growth when doing problems
that you already know how to solve.

» The study of proportional relationships lays a big foundational piece for mathematical modelling. In this
chapter, students encounter many real-life situations (e.g. speed, price per kg). They learn to see the
guantities involved as variables, to write an equation relating the variables, and to graph the equations.
These are al essential skillsin mathematical modelling.

* Inthelesson Scale Drawings 2, students will explore how the area of a scaled figure relates to the scale
factor, and they have the opportunity to find the general rule through repeated reasoning.
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Pacing Suggestion for Chapter 6

This table does not include the chapter test because it is found in a different book (or file).
Please add one day to the pacing for the test if you useit.

The Lessonsin Chapter 6 page span Sup?(ﬁgd p};%lij; g
Ratios and RaES ........ccceeveevieevee e 14 3 pages 1 day
Solving Problems Using Equivalent Rates................... 17 3 pages 1 day
UNITREIES ..ot 20 4 pages 1 day
Proportional Relationships 1 ........ccccoevevveninencnienne 24 4 pages 1 day
Proportional RelationshipS 2 .......cccccvveeeveieceevenne 28 4 pages 1 day
Proportional Relationship or NOt? .........ccceeveeieennnnne 32 4 pages 1 day
SOIVING Proportions .........cceeeeeeeeeeenene e 36 3 pages 1 day
Proportions and Problem Solving .........cccceeevenenee 39 4 pages 1 day
MOre 0N Proportions ...........cceeeeereneneneseseseeseeneenens 43 4 pages 1 day
SCaliNg FIQUIES ....cuee e 47 4 pages 1 day
Scale DrawingsS L ..o 51 3 pages 1 day
FIOOr PlanS .....ocuvceiece et 54 3 pages 1 day
SCAEDIaWiNgS 2 ....oocoeeceee e 57 3 pages 1 day
Scale Drawings—More Practice (optiond) ................ 60 2 pages 1 day
MapPS (OPLIONEL) ....veveeeeeieeerieeeee e 62 4 pages 2 days
Chapter 6 Mixed ReVISION .......ccccceviveneerireseeee 66 3 pages 1 day
Chapter 6 REVISION ......cccccvviecieccece e 69 5 pages 2 days
Chapter 6 Test (optional)
TOTALS 54 pages 16 days
with optional content (60 pages) (19 days)
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Helpful Resourceson the Internet

We have compiled alist of Internet resources that match the topics in this chapter, including pages that offer:

« online practice for concepts,

« online games, or occasionally, printable games;

» animations and interactive illustr ations of maths concepts;
* articlesthat teach a maths concept.

We heartily recommend you take alook! Many of our customers love using these resources to supplement the
bookwork. Y ou can use these resources as you see fit for extra practice, to illustrate a concept better and even
just for some fun. Enjoy!

https://l.mathmammoth.com/gr7ch6
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Ratios and Rates

A ratio isacomparison of two numbers, or quantities, using division. ' '
For example, to compare the hearts to the stars in the picture, ' '
we say that the ratio of heartsto starsis 5:10 (read “five to ten”). '

The two numbersin the ratio are called the fir st ter m and the second term of the

ratio. The order in which these terms are mentioned does matter! For example,

the ratio of starsto heartsis not the same as the ratio of heartsto stars. The former is 10:5
and the latter is 5:10.

We can write thisratio in several different ways:

. . . .5
* Theratio of heartsto starsis 5:10. * Theratio of heartsto starsis o
e Theratio of heartsto starsis 5 to 10. » For every five hearts, there are ten stars.

Note that we are not comparing two numbers to determine which oneis greater (asin 5 < 10). The
comparison isrelative as in amultiplication problem. For example, the ratio 5:10 can be simplified to 1.2,
and it indicates to us that there are twice as many stars as there are hearts.

We simplify ratiosin exactly the same way we simplify fractions.

Example 1. In the picture at the right, the ratio of heartsto starsis 12:16. YoV
We can simplify that ratio to 6:8 and even further to 3:4. These three ratios L 4 A /
(12:16, 6:8, and 3:4) are called equivalent ratios. Y9

Theratio that is simplified to lowest terms, 3:4, tells us that for every three Y9
hearts, there are four stars.

1. Write the ratio and then simplify it to lowest terms. A A A ‘
Ay ¢
Theratio of trianglesto diamondsis : = : . A
AdtA
In this picture, there are trianglesto every diamonds. 0 ’ 0

2. a. Draw apicture with pentagons and circles so that the
ratio of pentagons to the total of all the shapesis 7:9.

b. What isthe ratio of circlesto pentagons?

3. a. Draw apicturein which (1) there are three diamonds for
every five triangles, and (2) thereis atotal of 9 diamonds.

b. Write the ratio of all the diamondsto all the triangles,
and simplify thisratio to lowest terms.

4. Write the equivalent ratios.

a.5to45=1to b. 3: =9:60 C. 280:420 = 2: d —=—
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We can also form ratios using quantities that have units. If the units are the same, they cancel.

Example 2. Simplify theratio 250 g : 1.5 kg.

. o 250g 2509 250 1
First we convert 1.5 kg to grams and then simplify: = = = —.
15kg 15009 1500 6

5. Use afraction line to write ratios of the given quantities as in the example. Then simplify the ratios.

a. 5kgand 800 g b. 600 cmand 2.4 m
S5kg
800g

c. 1litreand 750 mi d. 325cmand 1.25m

We can generally convert ratios with decimals or fractionsinto ratios of whole numbers.

. . 1.5km 15km
Example 3. Because we can multiply both terms of the ratio by 10, = :
2 km 20 km

15km _ 15

Theni —— = —
20km 20

3
=7 Sotheratio 1.5 km: 2 kmisequal to 3:4.

Y ou can also see that theratio is 3:4 by noticing that both 1.5 km and 2 km are evenly divisible by 500 m.

Example 4. Smplify theratio ¥amile to 5 miles.

First, the units cancel: ¥ami : 5mi = % : 5. Multiplying both terms of theratio by 4, we get ¥a: 5= 1:20.

6. Use afraction line to write ratios of the given quantities. Then simplify the ratios to whole numbers.

a. 5.6 kmand 3.2 km b. 0.02mand0.5m
c.1.25mand 0.5m d. 2Land7 1/2L
e. 1/4 cup and 3 1/2 cups f. 23kmand 1 km
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If the two termsin aratio have different units, then theratioisalso called ar ate.

Example 5. Theratio “8 km to 40 minutes’ is arate that compares the quantities “8 km”
and “40 minutes,” perhaps for the purpose of giving us the speed at which a person is running.

8km
We can write thisrate as 8 km : 40 minutes or —————— or 8 km per 40 minutes.
40 minutes

Theword “per” in arate signifies the same thing as a colon or afraction line.

8 km _ lkm
40 minutes 5 minutes

Thisrate can be simplified: . The person runs 1 km in 5 minutes.

15 pencils 3 pencils

Example 6. Simplify the rate “15 pencils per 100¢.” Solution:
100¢ 20¢

7. Write each rate using a colon, the word “per,” or afraction line. Then simplify it.
a. Jeff swims at a constant speed of 400 metres: 15 minutes.

b. The car can travel 45 km on 3 L of petrol.

8. Fill in the missing termsto form equivalent rates.

12 cm b $88.40
30min 1h B 15 min " 8hr 2 hr - 10 hr

9. Simplify these rates. Don’t forget to write the units.

a. 280 km per 7 hours b. 10 cm: 1.5 minutes

10. A car istravelling at a constant speed of 72 km/hour. Fill in the table of equivalent rates: each pair of
numbersin the table (distance/time) forms arate that is equivalent to the rate 72 km/hour.

Distance (km)

Time (min) 10 30 40 50 60 90

11. Eight pairs of socks cost $20. Fill in the table of equivalent rates.

Cost ($)

Pairs of
socks
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Solving Problems Using Equivalent Rates

Example 1. It took Liam 1 ¥ hours to paint 8 metres of fence. Painting at the same speed, how long will it
take him to paint the rest of the fence, which is 28 metres long?

In this problem, we see arate of 8 m per 1 %2 hours. There is another rate, too: 28 m per an unknown
amount of time. These two are equivalent rates. We can use a table of equivalent rates to solve the problem.

Amount of fence(m)| 8 4 28
Time (minutes) 90 45 315

(1) Wefigurethat Liam can paint 4 m of fence in 45 minutes (by dividing the termsin the original rate by 2).

(2) Next we multiply both termsin the rate of 4 m/45 min by seven to get the rate 28 m/315 min.

It will take Liam 315 minutes, or 5 hours 15 minutes, to paint the rest of the fence.

Example 2. Sofiarides her bike 20 km in 45 minutes.
Riding at the same speed, how far will shego in 1 hour?

We can multiply or divide both terms of arate by +3 -4
the same number to form another, equivalent rate. / v <
(You have used this same ideain the past with 20km km km

equivalent fractions.) 45minutes ~ 15minutes 60 minutes

It's not easy to go directly from 45 minutes to 60, - '

but we can use 15 as a “ stepping stone” in between. =3 -4
Recall that 20 + 3 is easy to solve when you think

of it asafraction: 20/3 = 6 2/3. Sofia can ride 6 2/3 km in 15 minutes.

Then, we multiply both terms of that rate by 4. Again, don’t be intimidated by the fraction:
4.-(62/3)=4-(20/3) =80/3 = 26 2/3. So, Sofiacan ride 26 2/3 kmin 1 hour.

1. Fill in the tables of equivalent rates.

Distance | 15 km Pay $15

| Time 3hr 1hr | 15min | 45 min Time | 45min | 15min 1hr 1hr45min

2. Fill inthe missing termsin these equivalent rates.

a 3pies _ B 115words N
" 8boys  2boys  12boys 20 boys " 2min  1min  3min
3. Aiden canride his electric bicycle 12 kmin 28 12 km 6 km km
minutes. At the same constant speed, how long o8 minutes = —t Sl B
will he take to go 54 km? minutes minutes minutes
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Chapter 7: Revision: Percent

Revision: Percent

per hundred, or a hundredth part.

Per cent (or per cent) means per hundred or “divided by a hundred.”
(The word “cent” means one hundred.) So, percent means the rate

To convert percentages into fractions, simply read the “ per cent” as ﬁVf’ o
“per 100.” Thinking of hundredths, you can also easily write them per = 5%
as decimals. 100 cent
Therefore, 8% = 8 per cent = 8 per 100 = 8/100 = 0.08.
Similarly, 167% = 167 per 100 = 167/100 = 1.67.
1. Write as percentages, fractions, and decimals.
Per cent Decimal Fraction Per cent Decimal Fraction
0.07 109%
52% 200%
59 £
100 100
A n_umber vv_ith two decimal digits has hundredths, so it can Decimal Per cent Fraction
easily be written as a percentage. For example, 0.56 = 56%.
But we can write numbers with more decimal digits as 0 9
percents, also. 0.09 9% 100
Example 1. As a percentage, the number 0.5642 is 56.42%. o1
Compare thisto 0.56 = 56%. The digits“42” simply follow 0.091 9.1% 1000
the digits “56", and become the decimal digits for the 1
perceniage 000146 | 9.146% o140
' 71 100000
2. Write as percentages, fractions, and decimals.
Per cent Decimal Fraction Per cent Decimal Fraction
91
0.9% —
10 000
282
— 2.391%
1000
0.8914 0.94284
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Chapter 7: Revision: Percent

Writing fractions as per centages

Example 2. Sometimes you can convert Example 3. For most fractions, we need 0.8888
afraction into an equivalent fraction with to use division to convert the fraction to 9)8.0000
adenominator of 100, 1000, or some other adecimal first, and then to a percentage. 72
power of 10. After that it is easy to write _ o 80
it as adecimal and then as a percentage. Simply treat the fractionlineasa
division symbol and divide (using long -72
4 division or acalculator), to get a decimal. 80
46 184 Then write it as a percentage. - 72
gzﬁzl.mzlm% 8 80
) = 0.888... ~ 0.889 = 88.9% -72
.4 8

3. Fill in the table. First write each fraction as an equivalent fraction where the denominator is a power of ten.

Fraction (denominator

i Decimal Per cent
isa power of ten)

Fraction

25 100

142
200 100

24
20

31
250

4. Write as percentages. Use long division. Round your answers to the nearest tenth of a percent.

a. 118 b. 11/24
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5. Write the fractions as decimals and percentages. Round the decimals to four decimal digits.

Use acalculator.

oosoa
CEEES
n@ao
ELECES

2 11
a — = = % b. — = = %
3 6
17 304
C. —— = = % d — = = %
23 57
6. Match the fractions and percentages.
3 w4 B8 s 7 9 0B
4 20 > G 10 8 20

125%  80% 75% 115%

70% 72% 85% 112.5%

7. Remember mental maths? Fill in the shortcuts for finding these easy percentages of a number.

To find 50% of a number, divideit by

To find 25% of anumber, divideit by

To find 10% of a number, divideit by

To find 1% of a number, divideit by

To find 30% of a number, first find % of the number, then multiply that by

To find 75% of a number, first find % of the number, then multiply that by

8. Find various percentages of the number 360.

Percentage Value

5%

10%

20%

25%

50%

60%

75%

80%

100% 360

125%

150%
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9. Solve using mental maths.
a. What is 25% of $84.00?
b. 17 is 25% of what number?
c. Find 60% of 300.
d. 8is 1% of what number?
e. Find 3% of 2000 km.
f. 915 3% of what number?
g. What is 20% of $45?
h. 24 is 60% of what number?
i. Find 150% of $60.

j. 36is200% of what number?
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Solving Basic Per centage Problems

All percentages ar e fractions. Recall that “percent” means “per 100" . For example, 34% is 34 per 100 or
34/100 — afraction. Stated differently, a percentageis a“rate per 100”.
part

All percentage problems have to do with apart versustotal. As afraction, we write ~; - -
Asapercent, it is still afraction, and has the same value, but we want the denominator to be 100.

. . . 2 40 .
For example, to find what percentage 2 is of 5, we can write: 5 = 100" and then write 40/100 as 40%.

Example 1. What percentage is 14 km of 75 km?

We know thetotal (75 km) and we know the part (14 km). Thisis essentially asking what fraction 14 km s
of 75 km, but we need to express the answer as a percentage, not as a fraction. Therefore:
part 14 km

1. We write the fraction m: itis 7= km

. . . 14
but the units “km” cancel out so it becomes just - -

2. Then we use a calculator to divide 14/75 = 0.186 and write that as a percentage: 0.186 = 18.6%.
Normally, we round the result and say that 14 km is about 19% of 75 km.

Example 2. Find 59.2% of $2600.

Here we know the percentage — which means we know the fraction — and the total. We don’t know the
part as aquantity. Thisisthe same as asking for 592/1000 of $2600.

Recall that the word “ of” trandlates into multiplication. Thus, we could use fraction multiplication
(we could calculate (592/1000) - 2600) but often, the quickest way to do these types of calculationsis
to convert the percentage into a decimal first, and then use decimal multiplication.

So, instead of (592/1000) - $2600, we write 59.2% as 0.592, and calculate 0.592 - $2600 = $1539.20.

If the per centage is known and the total is known: If you are asked the percentage:

is X0 ?
(What Isx% of y?) Asking “what percentage’ is essentially the same

Thisis the same as asking for afraction of sometotal. | asasking “what part” or “what fraction.”

1. Write the percentage as a decimal. 1. Write the fraction .
2. Multiply that decimal by the total. total

2. Write this fraction as a percentage. Often, you
Or use mental maths tricks for finding 1%, 10%, will do thisin two steps: first write that fraction
20%, 30%, 25%, 50%, 75%, etc. of a number. as adecimal, and then that as a percentage.

1. Fill in the tables. Use mental maths.

Amount 75
a.
Per centage 10% 20% 30% 50% 100% 120% 150% 200%
Amount 12 20 32 60
b.
Per centage 10% 100% 120% 150% 200%
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You may use a calculator for the rest of the problems in the lesson except question #8.

2. A shirt that cost $34 was discounted by $4. What is the discount percent?

3. Juliapaid $325.08 of her $1890 pay cheque in taxes.
What percentage of her pay cheque did she pay in taxes?

4. At 7 years of age, Matthew was at 68.7% of his adult height, which is 182 cm.
How tall was Matthew when he was 77?

5. On acertain Monday, 5.3% of a school’ s 980 students didn’t show up.
How many students were at school that day?

6. Harry has two roosters, named Captain and Chief. The weight of Captain is 7/5 of the weight of Chief.

a. Write the second sentence above using a percentage instead of afraction.

b. If Chief weighs 3 kg, how much does Captain weigh?

7. The Carterslive on arectangular piece of land that measures 40 m x 35 m. The Joneses live on
arectangular piece of land that measures 42 m x 39 m.

a. To the nearest hundredth of a percent, find what percentage the area of the Carters' land is
of the area of the Joneses' land.

b. If the Joneses' land is valued at $4914, and the Carters’ land is appraised at the same value
per square metre, what would be the value of the Carters' land?
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Angle Relationships 1

A ray has a starting point and continues indefinitely in one -
direction (indicated by one arrowhead).

In contrast to aray, aline continues indefinitely in two (_/‘?

directions (indicated by two arrowheads).

An angle consists of two raysthat start at the same point,
called the vertex. Each ray is called aside of the angle. B

We can denote the angle on the right as angle BAC, or using
the symbol “2” for “angle,” as 2BAC.

Note that we list the vertex point in the middle: it is zBAC,

not ZABC. We could also name it ZCAB. A C

In mathematics, we also often denote angles with the beginning letters of the
Greek alphabet: o (alpha), B (beta), y (gamma), and 6 (delta). So 2BAC can aso be called “angle a..”

v

Two angles are adjacent if they have acommon vertex
and share one side.

In theimage on theright, 2o and £p are adjacent
(side-by-side) angles.

1. Bisapoint online AD. Find the measures of
the three angles, and also the angle sums. C
Do you notice any special numbers?

<ABC= °

£CBD = °

£ABD = °

sumof zZABCand«CBD:  °

sum of al three angles: °  (Thisshould be 360°.)

2. Severa rays start at point A. Measure
the angles. Calculate their sum.

21= °  z2= °
£5= °  z4= °
Sum of the angles = °
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Pisapoint onlinel. Theangles 2o and £p in thisimage are
adjacent, and they form a straight angle (an angle of 180 degrees).
They are called supplementary angles.
Two angles are supplementary if their sum is 180 degr ees: B
,f DA R
Lo+ £ =180° % = =
P
We also say that a supplements f.
Raysr and s start at point P and form aright angle. The 1+
adjacent angles 2o and £ form aright angle. They
are called complementary angles. r
Two angles are complementary if their sum is 90 degr ees: B
Lo+ 2B =90° g N >
We also say that oo complements 3.
Here'samnemonic to help you remember the difference: Supplementary angles
form a Straight line, and Complementary angles form a Corner (aright angle).
Supplementary angles don’t have to be adjacent, and neither do complementary angles.
21
These are still complementary angles, These are till supplementary angles,
because 21° + 69° = 90°. because 146° + 34° = 180°.

3. a. Draw a 38° angle. Then draw an
adjacent angle that complementsiit.

b. Draw an 82° angle. Then draw an
adjacent angle that supplementsit.
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4. Write an equation for the unknown and solve it. Do not measure any angles.

78°

5. Figure out the missing entries in the tables without measuring any angles.

a Angle | Degrees | Fraction | Percentage
a 14
‘,‘ B 120°
Y
) 75°
b. Angle | Degrees | Fraction | Percentage
o 50°
X s
Y 16
3
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Example. Point B ison line AD. Write an equation to solve

So, xis51°. However, angle ABC does not measure 51° because its measure
IS 2X, not X.

So, we double the value of x to get that ZABC = 102°.

for the unknown. What is the measure of angle ABC? c
Since angle ABD is a straight angle (180°), the equation is:
2x+78 = 180 2x
2x = 102 78°
= 51 < = ¥
X A B D

6. Angle ADC measures 95°.

a. Write an equation for the unknown and solveit.

b. Find the measure of 2BDC.

7. a. Write an equation for the unknown and solve it.

b. Find the measure of 2ZABC.

8. a. Writean

b. Find the measure of each angle in the image, excluding
those whose angle measure is given.

equation for the unknown and solveit.
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Problems Involving Circles

Sometimes, we might leave the answer in aformat that includes z, and not givethe answer asa
rounded decimal. For example, if the diameter of acircleis 10 units, its circumference is 10x units, and its
areaism(5%) = 25z square units. This format can be useful if thereis afurther calculation to be made using
those values, and/or if we anticipate the = to cancel out in afurther calculation.

Example. How much bigger in areais a circle with aradius 12 cm than acircle with aradius of 6 cm?

The former has an area of (12 cm)? = 144x cm?. The latter has an area of ©(6 cm)? = 36x cm?. To compare
the two, we will write their ratio (using the fraction line):

areaof thesmaller circle _  36mn cm? _ 36
areaof thebigger circle = 144p cm? 144

1
4

Both the 7 and the unit “cm?®” cancel out, leaving the fraction 36/144 which then simplifies to 1/4. So, the
area of the smaller circleis only 1/4 of the area of the larger.

If you do this calculation with decimals, you will have to round the intermediate answers, and thus the final
answer will not be exactly 1/4 (though it will be close). Using & instead of rounded decimals will keep the
calculations perfectly accurate.

You may use a calculator for all the problemsin thislesson.

1. Tdl from memory the formulas for the area of acircle and the circumference of acircle.
If you have difficulty with this, work on memorising the formulas.

2. a. The circumference of acertain circleis 8z units. What isitsdiameter?  Radius?

b. The area of a certain circle is 36xn square units. What isitsradius? Its diameter?

3. Thetable gives the radii of three circles. Circle1 Circle2 Circle3

a. What fraction isthe area of Circle 1 Radius| 5cm | 10cm | 15cm
of the area of Circle 2?

b. What fraction is the area of Circle 1
of the area of Circle 3?

c. What fraction is the area of Circle 2
of the area of Circle 3?

d. (optional) How do the fractions above compare to the
corresponding fractions formed from the radii of the circles?

Sample worksheet from

https://lwww.mathmammoth.com
131



Object Diameter | Circumference

4. The table shows the diameter and the circumference of Bicycletire| 70cm 220 cm

some circular objects. One of the valuesisin error. Which?

Pot lid 9in 28in
Explain how you know. A pond 19m 29m

Aring 12 mm 38 mm

Circle A 5 5n

5. Thisisascale drawing of acircular pond in a park, drawn here
at the scale of 1:500.

a. Find the area of the pond in reality, to the nearest 10 square metres.

b. There will be afence built around the pond. How long will the
fence be, to the nearest metre?

6. Find the area of the shaded part of this circle design, in terms of x. 4 units _
7. A swimming pool has the shape of the union of a square and a semicircle. o Om
The outer perimeter of the pool will be lined with decorative tiles that are 4

20 cm long. There will be 1 cm spaces between the tiles. Thetilesare
sold in packages of 20 that cost $24.90 per package.

10m

Find how many packages of tiles must be purchased to line the perimeter
of the pool and the total cost.
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Area of Polygons and Compound Shapes

Recall that from any parallelogram we can cut off atriangular piece and move it
to the other side to make it arectangle. This shows us that we can calculate the area
of a parallelogram the same way as the area of arectangle.

B
Asaformula, the area of aparallelogramis A =bh
i where b is the base and h is the altitude (height).
pres—— e
The altitude of aparalelogram is a perpendicular line segment 5
from the base, or the extension of the base, to the top. Thus, the h.
atitude might not be inside the parallelogram, if the P 2
parallelogram is very “slanted.” b

Since any triangle is half of its corresponding parallelogram,
the area of atriangleis half the area of that parallelogram:

A= % where b isthe base and h is the altitude of the triangle.

The altitude of atriangleis aline from one vertex to the opposite side that is perpendicular to that side.
It can:

h

(D) fal inside the triangle; (2) fal outside thetriangle;  (3) be one of the sides of aright triangle.

& (a+ b)

Theareaof atrapezium isgiven by theformula A = 2 h

where a and b are the lengths of the two parallel sidesand histhe
atitude. Essentially, we calculate the average of the lengths of the
b two paralel sides, and multiply that times the height.

Example. What should be the height of these two identical trapeziums
so that their combined area would be 189 square units?

The area of each trapezium is (9 + 18)/2 - h which simplifiesto 13.5h.
The area of the two trapeziumsis 2 - 13.5h which smplifiesto 27h.

So, we simply solve the equation 27h = 189, from which h = 189/27 = 7 units.

You may use a calculator for all the problemsin thislesson.
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1. Find the area of each trapezium.

A 28m
74 £ 3
(7] . A
= =i o %
[
o
a. X b. 1.5m

2. Thisis apattern of light-coloured rhombi with dark pink borders.
The figure below shows the basic unit, or cell, of the pattern.
The pink borders actually consist of parallelograms.
a. Find the area, in square units, of one of the numbered parallelograms.

b. Find the total area, in square units, of the lightly-coloured parts of the cell.

c. What percentage of the entire pattern do the rhombi (and parts of rhombi) cover?

3. A 12 x 30 rectangle is enlarged. How much longer should it be
so that its areawould be 444 square units?

30 X
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Probability

Y ou probably already have an intuitive idea of what probability is. In this lesson we look at some simple
examplesin order to study probability from a mathematical point of view.

If we flip acoin, the chance, or probability, of getting “heads’ is 1/2. The chance of getting “tails’ isaso
1/2. “Heads’ and “tails’ are the two possible outcomes when tossing a coin, and they are equally likely.

When rolling a six-sided number cube (a die), you have six possible outcomes: you can roll either 1, 2, 3, 4,
5, or 6. These are al equally likely (assuming the dieisfair).

Thus the probability of rolling afiveis 1/6. The probability of rolling athreeisaso 1/6. In fact, the
probability of each of the six outcomesis 1/6.

The probability of rolling an even number is 3/6, or 1/2, because three of the six possible outcomes are even
numbers.

Simple probability has to do with situations where each possible outcome is equaly likely.

number of favour able outcomes
number of possible outcomes

Then the praobability of an event isthe fraction

“favourable outcomes” are those that make up the event you want. The examples will make this clear.

Example 1. What is the probability of getting a number that is less than 6 when tossing afair die?

Count how many of the outcomes are “favourable” (lessthan 6). There arefive: 1, 2, 3, 4, or 5.
And there are six possible outcomesin total.

.. number of favourable outcomes 5
Therefore, the probability is - = —.
number of possible outcomes 6

In maths notation we write “ P’ for probability and put the event in brackets: P(lessthan 6) = 5/6.

Example 2. On this spinner the number of possible outcomes s eight, because the arrow is
equally likely to land on any of the eight wedges. What is the probability of spinning yellow?

There are TWO favourable outcomes (yellow areas) out of EIGHT possible outcomes.
P(yellow) = 2/8 = 1/4.

(Because green and yellow each have two wedges, there are only six possible colours that can
result. When we list the possible outcomes, we list the six colours. However, when we figure the
probabilities, we must use the eight equal-sized wedges to find the probability.)

By convention, the probability of an event isaways at least 0 and at most 1. In symbols: 0 < P(event) < 1.

A probability of 0 means that the event does not occur; it isimpossible. Probability of 1 means that the event
issure to occur; it iscertain. A probability near 1 (such as 0.85) means that the event is likely to occur. A
probability of 1/2 means that an event is neither likely nor unlikely.

Example 3. What is the probability of rolling 8 on a standard six-sided die?

Thisisan impossible event, so its probability is zero: P(8) = 0.

Example 4. What is the probability of rolling awhole number on adie?

Thisisasure event, so its probability is one. P(whole number) = 1.
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1. There are three red marbles, two dark blue marbles, and five light green marbles
in Michelle' sbag. List all the possible outcomes if you choose one marble randomly
from her bag.

2. Michelle chooses one marble at random from her bag. What is the probability that...
a. themarbleis blue?
b. the marbleis not red?

c. the marbleis neither blue nor green?

3. Make up an event with a probability of zero in this situation.

4. Suppose you choose one letter randomly from the word “PROBABILITY.”

a. List al the possible outcomes for this event.

Now find the probabilities of these events:
b. P(B)

c.P(Aorl)

d. P(vowel)

e. Make up an event for this situation that is likely to occur,
yet not a sure event, and calculate its probability.

The complement of an event and the probability of “not”

The complement of any event A isthe event that A does not occur.

If the probability of event A isa, then the probability of A not happeningissimply 1 - a.

5. The weatherman says that the chance of rain for tomorrow is 1/10.
What is the probability of it not raining?

6. The spinner is spun once. Find the probabilities as simplified fractions.
a. P(green) b. P(not green)

c. P(not pink) d. P(not black)

e. Make up an event for this situation that is not likely,
yet not impossible either, and calculate its probability.
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Chapter 9: Probability

Probabilities ar e often given as percentagesinstead of fractions.

without looking. What is the probability that she gets a white sock?

Example 5. Kimberly’s sock bin contains 7 brown socks, 9 white socks, and 5 red socks. She picks one

There are 9 white socks out of 21 socksin all. The probability is9/21 = 3/7 = 0.42857 = 0.429 = 42.9%.

7. Suppose you were to draw one card from the set of cards on the right. Compl ete the table with the possible
outcomes, and their probabilities both as fractions and as percentages (to the nearest tenth of a percent).

Possible Probability Probability
outcomes (fraction) (per centage)

8. This“rainbow spinner” is spun once. Find the probabilities to the nearest tenth of a percent.

a. P(yellow) b. P(blue or green)

c. P(not orange) d. P(not red and not purple)

e. Make up an event for this situation with a probability of 1.

9. a. An empty bus has 45 seats, and 22 of them are window sesats.
If you are assigned a seat at random, what is the probability, to
the nearest tenth of a percent, that you get awindow seat?

b. Now each seat marked with an “x” is aready occupied. If you
choose a seat randomly, what is the probability, to the nearest
tenth of a percent, that you get awindow seat?

dHH08HHEBHEE6
d8H88B8BBE6E

:
:

SH0BHEHEEEE
HHHHEEBRERE

How many window seats are occupied, at least?

The chart sh the seati t of abus. Y t
SBEEBEBEEE | tebus athedriver inormsyou tha ifteen sets are areatty

GEBEBEEERE | Snm e ey emasstweorsy. oty o

Puzzle Corngr
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Probability Problems from Statistics

Example 1. The bar graph shows the science test scores of all seventy 7th graders in Westmont School.
If you choose one of them at random, then what is the probability that the student’ s score was
at least C— (in other words, C— or better)?

Science Test Scores, grade 7

12

10

pn s ninins

A A B+ B B- C+ C C- D+ D D- F

o N M OO @

Sometimes when a probability question involves “at least,” it is easier to look at the complement event —
everything else— and find its probability first. The complement of “at least C—" is“at most D+”

in other words, D+, D, D—, and F. From the graph, it is easier to sum the number of students who got

the four low scores than to sum the number of students who got the eight high scores.

The number of students who got D+, D, D—, or Fis6 + 7 + 3 + 3 = 19 students. There are atotal of
70 students, so P(at most D+) = 19/70. Now it’s easy to calculate the original probability in question:
P(at least C—) = 1 — 19/70 = 51/70.

1. Y ou choose one student at random from the 7th graders in Westmont School.

a. What is the probability that the student’s score was at least D?

b. What is the probability that the student’ s score was at most B+?

2. The dotplot shows the age distribution of a children’s Ages of the Children in Fishing Club
fishing club. One child is chosen randomly from the group.
a. What is the probability that the child is at most . :
9 years of age? * * =
b. What is the probability that the child is at least ' ' ' ' ' '
5 6 7 8 9 10 11 12
7 years of age? yoars
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Random Sampling

When researchers have a question concerning alarge population,
they obtain a sample (a part) of that population. That is because
itistypically impossible to study the entire population.

For example, if you want to know how the citizens of France feel
about climate change, you cannot just go and ask every personin
France about it. Y ou would choose for example 600 French
citizens as your sample and ask them your question.

phEeenporn

The way asample is chosen is very important. Some methods of

sampling may produce a sample that is not representative of the T' : . A " : p."AJ: A biased
i)
entire population. We call that a biased sample. S0Ls008BNAS sample
For example, if you are studying a student population of 630in a AOAARERA®A e PEII -
school with close to an equal number of boys and girls, and you %A: : ;k:‘:r: Eﬂngi o
happen to choose a sample of 20 boys, then your sampleis OEANANAAAA
biased. It doesn’t represent the entire popul ation well. HéAARNGOAAN
AABAOE AGN A
ASAAEAAA®

We need to use unbiased sampling methodsin order to get a sample that truly represents the population
being studied. The best way to avoid biased samplesisto select arandom sample.

The main characteristics of arandom sample are:

1. Randomness; each member of the population has an equal chance of being selected.

Let's say aresearcher is studying the types of cars Americans own. He decides to interview only
people hefinds at alocal mall because that mall is close to where he lives, so it is convenient for
him. His sample is biased because not every member of the US population even has a chance to be
selected in his sample. Maybe the people at hislocal mall are predominantly rich people who own
several cars per family, so in that respect those people would not be a good representation of the
entire population of the US.

We call thistype of sample a convenience sample becauseit is convenient or easy to obtain.

2. External selection: respondents must be chosen by the researcher, not self-selected.

If our researcher mails a questionnaire to various people across the US asking them to fill it out and
return it, his sample isavoluntary response sample, which is a biased sample. Some people
volunteer to return the questionnaire, but others don’t. The people themselves decide whether or not
to be a part of the sample.

Why might this be a problem? Some of the people who would choose to take part may have an
external reason to do so. They might want to show off how “good” they are in the particular aspect
being studied, or they might just like to speak out about their opinions.

Our researcher could get atrue random sample by choosing people randomly from alist of peoplelivingin
the US and calling them. That way, each person has an equal chance of being selected in the sample (itis
random), and the people cannot self-select to take part (the researcher chooses who takes part).

An unbiased sampling method ismorelikely to produce a representative sample.
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1. You are studying whether students in alarge college prefer to drink coffee black, with milk, with cream,
or with sweetener, or whether they prefer not to drink coffee at al.

a. Which of the six sampling methods listed below produce a voluntary response sample?

b. Which methods don't give each member of the student population
an equal chance to be selected for the sample?

¢. Which method is likely to produce a sample with only coffee drinkers,
overlooking those who don't drink coffee?

d. Which method will be the most likely to give you arepresentative (unbiased) sample?

Sampling M ethods

(1) You interview 80 students in a cafe on the campus.

(2) You interview 80 students who come in at the main door of the campus.

(3) You interview the first 80 students you happen to meet on a certain day.

(4) Y ou choose 80 names randomly from alist of all the students. Y ou call them to interview them.

(5) You send an email to all the students in the college, asking them to fill in aform on aweb page
you have set up. Y ou hope to get at |east 80 responses.

(6) Y ou choose 80 names randomly from alist of all the students. Y ou send them an email, asking
them to fill in aform on aweb page you have set up.

2. A recipe website posts a poll on their home page that any visitor to that website can take. In it, they ask
if people are looking for arecipe for a dessert, amain dish, aside dish, bread, or salad. During the course
of one Sunday, 4600 people visit the page, and 252 of them fill in the poll. Explain why the poll results
will be based on a biased sample.
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Some common random sampling methods are:

1. Simple random sampling. Each individual in the sampleis chosen randomly and entirely by chance,
perhaps by using dice, through pulling names out of a hat, or with arandom number generator.

2. Systematic random sampling. The individuals of the population are placed in some order, and then each
individual at a certain specified interval is selected for the sample.

For example, a supermarket might study the shopping habits of its customers by choosing every 15th
customer who enters the store for the sample.

3. Stratified random sampling. The population isfirst divided into categories (strata) and then a random
sampleis obtained from each category.

For example, to study how much sleep students in a particular school get, you might first divide the
students into groups by grade levels (the stratification), then select arandom sample from each of
the grade levels.

3. A population to be studied doesn’'t have to be of people. A factory produces MP3 players. Out of the 500
units that the factory produces each day, a quality control inspector selects 25 for testing to study their
quality and reliability. Which way should he choose those 25 so that his sample would best represent all
the MP3 players that the factory produces?

a. Choose the first 25 produced on a given day.

b. First choose a number between 1 and 20 randomly. Select the player corresponding to that number,
and after that, every 20th player, in the order they were produced that day.

c. Choose 25 players that have just been finished around 1 PM when the inspector is touring the factory.

d. Generate 25 random numbers between 1 and 500 and choose the corresponding 25 MP3 playersin the
order they were produced that day.

4. Ryan has two large fields planted with green beans. He wants to compare the bean plantsin one field with
the plantsin the other. Design a practical sampling method for him to produce an unbiased sample.
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Sometimesit isnot obvious how a particular sampling method might be biased.

If you are studying students homework habitsin a particular school, it might initially make sense
to interview thefirst 25 students who come into the school in the morning. However, there could
be an underlying factor that makes that method biased. What if students who are diligent with
their homework also tend to come to school early? In that case, students who are not diligent
don’t have an equal chance of being selected for your sample. A better method isto use
systematic random sampling and to choose, say, every 10th student entering the school for the
sample.

5. Heather is studying the effect of how the method of feeding affects the health of a baby during itsfirst year
of life. She has already determined that babies who are fed with infant formula get sick more often than
babies who are fed with human milk, but she especially wantsto find out how often babies who are fed
both formula and breast milk get sick. Explain why interviewing mothers in the places below will produce
abiased sample:

a. A pediatrician’s office.

b. A breastfeeding class for new mums.

6. a. Devise amethod that will produce a biased sample based on self-selection, and
explain how that would happen, based on Heather's situation in Question 5.

b. Design a sampling method for Heather that is most likely to produce a representative sample.

7. An organisation that hel ps teenagers with drug problems has set up a telephone hot line for teensto call in
to discuss their problems. After afew months of operations, the organisation wants to evaluate the
effectiveness of their service. Since they don’'t usually get as many calls on Tuesdays, they decide to choose
aparticular Tuesday to ask each teen at the end of the call to answer afew questions about how the service
has helped. Is this a good method for selecting a sample? Explain.
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Chapter 10: Using Random Sampling

Using Random Sampling

1 Inthisa_\ctivity, you will make several samples of 10 from this E . A AR . BE A
population of shapes: A . A ..A.AA
Sin_(ie the shapes ar%infalo t?/tlolgg(;l arran%e;nent, 3_/|9u cke)atn L0 00EEL®
easily assign anumber from 1 to or each shape. To obtain
arandom sample, you can use one of these ideas or come up . AA H A . &
with your own. I A . ' [l AA..

 Choose arandom number between 1 and 10. Then, starting . A A A i A . A '
from that number, choose every 10th shape. ' HARANAAAA
» Goto https://www.random.or g/integer &/ and generate L .A A - . ' A -

10 random integers between 1 and 100. (If the set of numbers AA ' A . oA . A
contains a duplicate, discard that set and make another.) A . ADBD A A '

Hereis an example sample (Sample 1) to help you get started: AAS L BAAA

It is based on generating these random numbers at the website above: 76 17 51 63 88 29 95 73 40 69

Generate at least five more samples. Count the number of each kind of shapein each of your samples, and
fill in the table. Lastly, calculate the average number of triangles, the average number of squares, and so on.

Samplel | Sample2 | Sample3 | Sample4 | Sample5 | Sample6 | Averages
triangles 5
squares 1
pentagons 3
trapeziums 1
Total 10 10 10 10 10 10 —

2. Now imagine that you haven’t seen the entire population of shapes but you try to infer (conclude) something
about the entire population of shapes based on these six samples.

a. Which shape seems to be the most common?
b. Which shape seemsto be the least common?

c. List the shapesin order, from the least common to the most common:

d. Based on the average number of the shapesin the six samples, estimate how many of each shape there
are in the entire population of 100 shapes:

triangles squares pentagons trapeziums

Sample worksheet from

https://www.mathmammoth.com
225



Here are some important points to realise and remember concerning random sampling. Y ou probably noticed
these facts while doing the activity:

1. Random samples vary. The differences occur simply because their members are indeed chosen from
the population at random.

2. A random sampleismorelikely to be unbiased, but that isnot 100% certain. In other words, itis
possible for arandom sample not to be representative of the population as a whole. However, the chances
of arandom sample being unbiased are greater than the chances of a non-random sample being unbiased.

3. It isbetter to base inferences about the population on mor e than one sample. However, if you cannot
obtain more than one sample, then it is recommended to increase the sample size as much as possible,
because alarge sample represents the whole popul ation better than a small one.

Example 1. Three people are running for mayor in atown with 20 000 voters. Two companies conducted
separate polls of 350 people, asking who they would vote for in the final election. Here are the results:

Smith|Harrison|Jones
Poll 1| 63 220 67
Poll 2| 53 238 59

Based on these results, what can we conclude about the results of the final € ection?

In both polls, Harrison is winning and by alarge margin. In other words, far more people are claiming that
they will vote for Harrison than for Smith or Jones. So we can fairly confidently conclude that Harrison will
be the winner of the actual election.

Not only that, but in both polls Jones did better than Smith. So it is likely, but not sure, that Jones will beat
Smith in the actual election. We cannot say that for sure because the differences are small: 4 and 6 votes.

We can also quantify the election results (use actual numbers). In Poll 1, 220 is more than three times 63 or
67. In Poll 2, 238 is more than four times 53 and about four times 59. Based on those, we can say that
Harrison will get roughly 3-4 times more votes than either of his opponents.

Example 2. The data below presents the results of three different samples from a study about how students
prefer to drink coffee.

Black |With milk [With cream|Milk and sugar | Cream and sugar | Totals
Samplel| 12 21 24 36 37 130
Sample2| 9 23 22 37 39 130
Sample 3| 14 18 20 36 42 130

What can we infer based on the data?

(1) Looking at the numbers carefully we can see that in each of the samples “Cream and sugar” was the
winner and “Milk and sugar” came fairly close behind it.

(2) The two options “With milk” and “With cream” are also close to each other, but we cannot say for sure
which of them is preferred, because in Samples 1 and 3, “With cream” beats “With milk”, whereasin
sample 2 it is the opposite way.

(3) Drinking black coffeeisthe least popular option in al three samples.

(4) We can quantify the results. For example, “Cream and sugar” is the favourite of roughly 40/130 = 4/13 of
the students, and 4/13 is almost 4/12 = 1/3. So we can state that amost 1/3 of the students prefer to drink
their coffee with cream and sugar. Y ou can make similar statements using approximate fractions for the
other options.
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Based on what the data demonstrates, you may be able to...

How much more or lessis one option than another?

increases or decreases.

e compare two options as better or worse, more or |less, etc.

 quantify the above statements with numbers, fractions, or percentages:

» state which option isthe most or least, the best or worst, the winner or loser, etc.

What kinds of inferences can you make about the entire population based on random samples?

« find trends: identify an increase or a decrease in some quantity as some other quantity, such astime,

3. A large workplace conducted a survey of <5hl 5h | 6h | 7h | 8h | >8n | Totals
their employees’ sleeping hours. They took
two samples of 65 people, one week apart. Samplel| 1 4 21 | 32 6 1 65
i ?
What can you infer based on these results? Sample2| 2 3 3 | 26 4 5 65
4. A music band wanted to find out which of their songs their Concert 1 | Concert 2
audience likes best. They randomly chose some people to Songs (Sample 1) | (Sample 2)
be interviewed after two of their concerts, asking them what - .
their favourite song was. The results are in the table at Love You 4 3
the rlght. 3 M y B&H 9 11
What conclusions can you draw from the data? “Never Again” 7 5
“Sunshine’ 5 6
Totals 25 25
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Example 3. Let’s go back to our example about the three candidates running for mayor. If 15 000 people end
up voting for mayor in the actual election, estimate the number of votes each candidate will get.

First we calculate the percentage of votes each candidate got in each poll:

Smith Harrison Jones Total
Poll 1 63 220 67 350
Percentage 18.00% 62.86% 19.14% 100%

Poll 2 53 238 59 350
Percentage 15.14% 68.00% 16.86% 100%

Averages. | 1657% | 65.43% | 18.00% 100%

Smith: Based on Poll 1, we would estimate that he would get 0.18 - 15 000 = 2700 votes. Based on Poll 2,
our estimate would be 0.1514 - 15 000 = 2271 votes. Let’s use the average percentage of 16.57% based on
both polls. We estimate he will get around 0.1657 - 15 000 = 2486 votes ~ 2500 votes.

Then we can use the estimates from the individual polls to gauge how far off our estimate of 2500 votesis.
These numbers (2700 and 2271 votes) differ from 2500 votes by about 200-300 votes. Since the samples are
random, the estimate of 2500 votes may be off by 2-3 times the 200-300 votes; we cannot really know
without having dozens of samples. So, we state that our estimate may be off by several hundred votes.

Harrison: Based on Poll 1, he would get 0.6286 - 15 000 = 9429 votes. Based on Pall 2, he would get
0.68 - 15 000 = 10 200 votes. Using the average percentage, we estimate he will get around
0.6543 - 15 000 = 9815 votes ~ 9800 votes.

The estimates of 9429 and 10 200 votes differ from the estimate of 9800 votes by about 400 votes. Again, the
real value may differ from the estimate severa times the 400 votes. Based on that, we gauge that the estimate
of 9800 votes may be off by over a thousand votes.

Jones: Based on Poll 1, he would get 0.1914 - 15 000 = 2871 votes. Based on Poll 2, he would get
0.1686 - 15 000 = 2529 votes. Using the average percentage, we estimate he will get around
0.18 - 15 000 = 2700 votes.

The two estimates of 2871 votes and 2529 votes differ from that by afew hundred votes. We might gauge
that the estimate of 2700 votes may be off by hundreds of votes.

5. a. Let’s continue quantifying the results of the study about how students prefer to drink coffee. Use
statements with fractions, such as “about 1/5” and “dlightly more/less than 1/10.”

Black [With milk [With cream|Milk and sugar | Cream and sugar | Totals
Samplel| 12 21 24 36 37 130
Sample2| 9 23 22 37 39 130
Sample 3| 14 18 20 36 42 130

of the students prefer to drink coffee black.

of the students prefer to drink coffee with milk but no sugar.

of the students prefer to drink coffee with cream but no sugar.

of the students prefer to drink coffee with milk and sugar.
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Some Revision

In this lesson we revise how to make boxplots and how to cal culate mean absolute deviation of a data set.

A boxplot (also called a box-and-whisker plot) is a handy way to show graphically how the datais spread
and where its centre (median) is. It can be drawn horizontally or vertically. To draw a boxplot, we use the
five-number summary, which consists of the minimum of the data plus the four quartiles. The four
quartiles divide the data into quarters:

e Thefirst (or lower) quartile is the median of the lower half of the data.

* The second quartile is the median.

 The third (or upper) quartile is the median of the upper half of the data.

» Thefourth quartile is the maximum of the data.

Example 1. Let’s make a dot plot and a boxplot of the ages of the children in a softball club. Their ages are:
4,4,5/5/5,6,6,6,7,7,7,7,7,8,8,8,8,8,9,9, 11.

For the boxplot, we need to determine the median and the 1st and 3rd quartiles. This means we divide the
datainto quarters... but first, we divide it into upper and lower halves. Since there is an odd number of
children, we will leave the median age (7) by itself, so it belongs to neither the lower nor the upper half.

4,4,5,5,56,6,6,7,7, 7, 7,7,8,8,8,8,8,99,11

The first quartile is the median of the lower half of the data, which isthe average of 5 and 6, or 5.5 years old.
Similarly, the third quartile is the median of the upper half of the data, 8 years old.

4,4,5,5,5, 6,6,6,7,7, ’% Tsdi 88485, 84859 9, 11

1st quartile: 5.5 median 3rd quartile: 8

Theinterquartile range (1QR) isthe difference between those two: 8 years— 5.5 years=2.5vyears. Itis
ameasure of spread. It shows usthat 50% of the datais within an interval of 2.5 years (from 5.5 to 8 years).
In other words, half of the children are from 5.5 to 8 years old. The bigger the IQR, the more the datais
spread out.

Note that we include the unit (in this case “years old” or “years’) with all of these quantities.

Now we can draw the boxplot. Below it, the

. . Ages of Children
same data is shown in adot plot. Compare 9

the twol '
e Thefirst “whisker” represents the first ? ?
quarter of the data, or these ages: [
4, 4,5, 5, 5. The box represents the 3 4 5 6 7 8 9 10 11 12
middle half of the data and includes the years

median: (6,6,6,7,7, 7, 7,7,8,8,8)
» The last whisker represents the last quarter

Ages of Children

of thedata 8, 8, 9, 9, 11. : .

« Since the second half of the box isfairly PR T -
short, the data is concentrated there: SN S S - S AV
there are alot of 7 and 8-year olds. 3 4 5 6 7 8 9 10 11 12

years
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1. Read the five-number summary from the boxplot, and give the interquartile range.

Minimum:

First quartile:

Median:

Hourly Wages of Employees

Third quartile: [

Maximum;

Interquartile range:

10 15 20 25 30

35 40 45 50 55

dollars

60

2. Below you see the ages of participantsin afortune wheel game, and a dotplot made from the data:

6, 8,9, 10, 10, 10, 11, 11, 11, 11, 12, 12, 12, 12, 13, 13, 13, 15, 18, 22

a. Calculate the five-number summary from the data, and draw a boxpl ot below the dot plot.

Fortune Wheel Game - Ages of Participants

4 6 8 10 12 14 16 18 20 22 24
years
Fortune Wheel Game - Ages of Participants
4 6 8 10 12 14 16 18 20 22 24

years

Five-number summary

Minimum
First quartile
Median

Third quartile

Maximum

Interquartile range

b. Let’'s say on another day, adifferent set of people came to play the fortune wheel game. Draw another
boxplot to represent that group of people, so that its median is 14.5 years, the IQR is 2.5, and the range
is 11 years. (Note that there are many possible ways to do this.)

Fortune Wheel Game - Ages of Participants

4 6

8 10 12 14 16 18 20 22 24

years

c¢. Which group had older participants? How do you know?

d. Which group is more varied in its ages? How do you know?
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3. The data below shows the Jones family’s monthly expenditures for 12 months. The datais already organised
in ascending order and divided into quarters; the first number, $956, is not necessarily for January.

$956 $999 $1076  $1080 $1086 $1100  $1110$1165$1190  $1196 $1245 $1245

Hereis a boxplot made from the data:

Jones Family Expenditures

[ |

Year 1 & |

Year 2

Let’'s say that the following year (Y ear 2), the Jones family’ s expenditures were these
(again, aready in ascending order):
$925 $949 $1090 $1250 $1288 $1360  $1420 $1465 $1480  $1520 $1575 $1590

a. Draw a boxplot for this data, below the Y ear 1 boxplot in the image above.

b. In which year did their monthly expenditures vary more?

In which year were their monthly expenditures more, overall?

4. Make a boxplot using the datain the dot plot.

Prices of Hair Dryers

25 30 35 40 45 50

Prices of Hair Dryers

25 30 35 40 45 50

dollars
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M ean absolute deviation (MAD for short) isameasure of variability. It tells us how much the individual
dataitems differ from their mean, on average. The term “mean absolute deviation” actually explainsitself:

» Deviation isadifference: welook at how much the individual data values deviate (differ) from the mean.

 Absolute deviation means the absolute value of each deviation. We take al of the deviations (differences)
as positive.

» Mean absolute deviation is the mean (average) of all the absolute deviations.

Example 2. Calculate the mean absol ute deviation for this data set: Absolute
5,6,6,6,6,7,7,8,8,09. Value deviation
from the mean
First we calculate the mean itself: 5 18
Mean=(5+6+6+6+6+7+7+8+8+9)/10=6.8. = 0.8
Next, we calculate how much each data value deviates from the 6 0.8
mean of 6.8. The table on the right lists the absolute deviations. 6 0.8
Lastly, we calculate the mean of the absolute deviations: 6 0.8
MAD=(18+4-08+2-02+2-12+22)/10=1.0 7 0.2
So the mean absolute deviation is 1.0. This means that, on average, / 0.2
theindividual data values differ from the mean of 6.8 by 1. This 8 1.2
value (1.0) is not especialy large compared to the mean (6.8), so 8 1.2
the datais fairly concentrated (not spread out). We can even see 9 52
that from the list of data values. '
mean 6.8 MAD 1.0
5. a. Caculate the mean and MAD for this data, to one decimal digit: Absolute
85 90 91 96 105 114 117 120 138 209 299. Value deviation
) from the mean
However, when calculating the MAD, don't use the mean
rounded to one decimal digit. Y ou need some extra decimals 85
for the intermediate calculations, so use amean with three 90
decimal digits.
91
b. Let's say these are prices of some gadget, in different stores. 96
Would you say that the prices vary alot, alittle, or neither? 105
114
117
o 120
c. Recall that the MAD tells us by how much the individual values
vary from the mean, on average. 138
So, here, the prices vary from the mean of $ 209
299
by $ , ON average.
mean MAD

Would you say that reflects asmall or large variability in
the prices?
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It is much quicker to calculate the MAD using a spreadsheet program. For your reference, here are the
instructions for how to do it in Excel. The process should be the same for LibreOffice Calc.

LIDEHR3IR s o J- ORS 5
_B14 - £_=AVERAGE(B2:B12) _
; A BT D E [] T | D E
1 ages differences absolute differences 1 ages differences absolute differences
| 2 62 5 5 | 2] 62 -5 5
[ 3 60 7 7 = 60 -7 7
| 4 65 -2 2 [ 4 65 2 2
|5 63 -4 4 | 5 63 4 4
6 70 3 3 6 70 3 3
(57 64 -3 3 | 7 64 -3 3
| 8 78 11 11 | 8 78 11 11
| 9 71 4 “ | 9 71 4 4
110 68 1 1 110 68 1 1
| 11 66 -1 1 |11 66 -1 1
[12 70 3 3 [12 70 3 3
[13 [13
| 14 |mean 4 14 mean 67 4
To calculate the mean of a set of data, in the cell Next we cal cul ate the difference between each item
where you want the calculation to appear, type: of data and the mean.
=AVERAGE(B2:B12) Type“=B2 - $B$14" to subtract the valuesin cells
B2 and B14.

When you type the formulain the cell, it appearsin

]Ehe forlmgllabar a the to_phas in thaellm_age. A Thedollar signsin $B$14 make it an absolute
ormulaaways starts with an equals sign. reference, so it doesn’t change when you copy and
paste the formulainto other cells. Pasting the
formulainto the cells below is a quick way to get
the spreadsheet to calculate those val ues, too.

Press“ENTER” to see the answer, 67.

0. B 4 0EERIRE Mo o f-
_ D14 - £ =AVERAGE(D2:D12) )
D | E A [ B TTee—FD | E |
1 ages differences absolute differences |1 ages differences absolute differences
2] 62 s 8 2] 62 5 5
3 60 7 7 | 3 | 60 -7 7
4 65 2 2 4 65 -2 2
5 63 4 4 ° | 5 | 63 -4 4
6 70 3 3 | 6 | 70 3 3
7 64 -3 3 | 7| 64 -3 3
8 78 11 11 '8 78 11 11
9 71 4 9 71 4 4
10 68 1 1 110 68 1 1
1 66 1 1 11| 66 -1 1
12 70 3 3 112 | 70 3 3
13 113 |
14 mean 67 4 | 14 Imean 67 4 o
Now we calculate the absolute value of each Lastly, we are ready to calcul ate the mean absolute
difference. deviation by taking the average of the valuesin cells
. ) D2 to D12. In the cell where you want the value to
In cell D2 type “=ABS(C2)" to calculate the appear, type *=AVERAGE(D2:D12)".
absolute value of the number in cell C2. When you
paste cell D2 into the cells below it, Excel The answer “4” will then appear in the cell after you
automatically changes the reference to cell C2tothe | press“ENTER.”
correct cell.
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6. Thetableliststhe highest daily temperatures for January.

Mon Tue Wed Thu Fri Sat Sun
-2°C —4°C 2°C 3°C 1°C —6°C -5°C

0°C -3°C -3°C -2°C -10°C | —12°C | —-15°C
-1°C 1°C 3°C 2°C 0°C -2°C -8°C
-12°C | —-11°C -9°C -10°C -5°C -3°C —4°C
-2°C -2°C 0°C

a. Calculate the mean to one decimal digit.

b. Calculate the mean absolute deviation (MAD) to one
decimal digit. Use spreadsheet software if available.

c. Make adot plot.

January maximum temperatures

16 14 12 10 -8 6 -4 2 0 2 4

degrees Celsius

d. Fill in: The data values differ from the mean of by , 0N average.

e. What is the median? Would median depict the centre of this data distribution better than the mean?
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